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Plasma Instabilities in the Magnetosphere
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An introductory review of theories of plasma instabilities in the magnetosphere
is presented. Part 4 is a review of theories of plasma instabilities that are relevant to
magnetospheric plasmas. Instabilities arising from velocity-distribution anisotropies,
such as a pitch-angle anisotropy or the presence of beams, as well as instabilities from
nonuniform distributions of plasmas and magnetic fields, are discussed. Particular
emphasis is placed on the effect of a mixture of a cold plasma in a high-g plasma.
Part B is a summary of works related to actual plasma instabilities in the magneto-
sphere. In view of the observed plasma parameters, it is shown that the magnetosphere
js rather stable against most macroscopic instabilities, and its dynamics are pre-
dominantly governed by microscopic instabilities.
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1. INTRODUCTION

The magnetosphere is filled with almost-ideal plasma composed almost
purely of protons and electrons. The Debye length corresponding to the low-energy
electrons (~100 meters) is small compared with the scale size, but there exist
enough particles per Debye sphere (3>10'2) for those particles to behave collec-
tively as a plasma. Collision effects, even for cold electrons inside the plasma-
pause, are negligible in most cases because the collision frequency there is of the
order of 10-%/sec—10~*/sec. Recent measurements have revealed that the plasma
is composed of three distinct energy groups: the medium- to high-energy group
(>100 kev), the low-energy group (~kev), and the cold or thermal group (~ev).
Most of the collective effects are governed by the low-energy and cold-plasma
groups. The low-energy group contains the largest energy density. During quiet
times, its energy density is approximately 10% of the energy density of the back-
ground geomagnetic field; during active times the energy density exceeds that
of the magnetic field. Hence the ratio 8 of plasma pressure to magnetic-field
pressure, an important parameter in studying plasma instabilities, must be
regarded as comparable to unity.

Papers published on instabilities of the magnetospheric plasma now number
easily more than a hundred. However, many of these theories need revision
because of more recent, discoveries of plasma characteristics in the magnetosphere.
For example, the high 8 effect, which has been ignored in much previous work,
needs to be taken into account.

Direct observations of electric and magnetic fields ranging from a frequency
of several kilohertz to a period of several minutes are being made simultaneously
with measurements of the plasma characteristics (such as density, energy, anisot-
ropy, ete.). These observations indicate that plasma instabilities are responsible
for many of the interesting dynamic phenomena observed in the magnetosphere.

Only linear instabilities are treated throughout the paper, except in chapter 5.
However, the nonlinear effects and instabilities are by no means negligible. The
elimination of these effects from the present paper is simply for convenience.

A. REeviEw oF THEORY OF PrasmaA INSTABILITIES

2. INTRODUCTION TO PLASMA INSTABILITIES

2.1. Dispersion Relations

A general concept of plasma instability is presented here. It covers the
definition of instability and several ‘know-hows’ of finding and analyzing the
instabilities.
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As in most cases, the general concept is more easily understood by consid-
ering a typical example. For example, consider a two-stream instability in a sys-
tem of an electron stream with velocity vy and a stationary plasma. If we restrict
ourselves to a frequency range much higher than the ion plasma frequency, we
can ignore ion dynamics. (We shall discuss the case where ion dynamics are
involved in chapter 3).

The basic equations that describe plasma dynamics are Maxwell’s equations,
which give the electromagnetic field produced by the current and charge distribu-
tions, and the equations of motion, which describe the motions of charged particles
in the electromagnetic fields. For the equations of motion, one can use the MHD
(magneto-hydrodynamic) equations, the Vlasov equation, or a simple single-
particle equation of motion, depending on the nature of the problem. The MHD
equations, to be introduced in subsection 3.2d, represent a fluid approximation of
plasma dynamics. Although they are often simpler to handle than the Vlasov
equations, they become invalid when particle dynamics are important. The Vlasov
equation, to be introduced in subsection 3.1, is usually more difficult to solve
but is accurate in describing particle dynamics in the absence of collisions. Col-
lision effects, if important, have to be considered in a suitable way depending on
the nature of the problem (see, for example, subsection 3.1e).

In the example we are considering here, if the electron temperature is high
so that the thermal velocity vr is comparable with or larger than v, or the phase
velocity of the wave v,, we have to use the Vlasov equation. However, if we
consider a cold electron stream in a cold plasma (vr = 0), a single-particle equa-
tion of motion is sufficient. Here the electron stream and the cold plasma form the
two streams.

We first consider the dynamics of the stream electrons. The equation of
motion is

m,(dv/dt) = —e(E + v xB) 2.1)

where v, m,, ¢, E, and B are velocity, electron mass, electron charge, electric field
intensity, and magnetic-flux density, respectively. Because we do not know before-
hand the kind of electromagnetic field produced by the stream electrons, we have to
include arbitrary fields in the equation of motion.

Because the electron stream is moving with respect to the stationary frame of
the plasma, it is convenient to write the total derivative in equation 2.1 in partial
derivatives in time and space, i.e.

dv 9dv
7 =5 T @V 2.2
where

0 a2 0
vV =v, e + v, 3y + v, 9 2.3

When one is concerned with the linear instability, the standard procedure at this
point is the linearization. We write the dependent quantities in terms of de or
slowly varying quantities (subscript 0) and rapidly varying quantities (sub-
seript 1). For example, for the velocity of the electron stream v
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V=Y, + Vl(x, t) (2.4:)

We consider the quantity with subscript 1 to be a perturbation to the state rep-
resented by subsecript 0. Hence [v,| >> |v,].
Equation 2.1 for order zero is then

3,

e
at + (vo: V)V, = —;L: (Eo + vo xBy) (2.5a)

If the stream is stationary in time and spatially uniform, dv,/dt as well as dv,/dx
vanish, This means that we are considering an infinitely extended stream of
electrons. Such a scheme is allowed if ions are also moving with the same velocity
v, making the total current vanish. Then it is immediately obvious that v, can have
an arbitrary magnitude parallel to B, or E,/B,, perpendicular to B,. The per-
pendicular velocity produced by a dec electric field E, should be the same for both
the stream and the stationary electrons; hence in the frame of E,/B, there will be
no streaming perpendicular to B,. (The E, x B, drift however does produce two
streaming between electrons and ions if the collision frequencies for these species
is different, as will be discussed in subsection 3.1e.)

Thus in the collisionless case, two streaming is possible only in the direction
parallel to B,. We set

Vo = 0o€ (2.5b)

where e, is the unit vector parallel to B,. The zeroth-order solution is called that of
the equiltbrium state. When one considers an instability, it is very important to find
the equilibrium state first. It is meaningless to discuss the instability of a state
where no equilibrium state exists (exceptions are allowed for some limited cases,
where the initial nonequilibrium state becomes unstable with a growth rate much
faster than the rate of approach to equilibrium).

We now employ a rectangular coordinate system and take the z axis in the
direction of the de magnetic field B,. Then the first-order equation for equation 2.1
becomes

v
at

(i)
+ vo—ayzl = '—mi‘ (E, + voxB;, 4+ v; X By) (2.6)

The next step usually taken after linearization is Fourier-Laplace transforma-
tion of the dependent variables, for example v, (X, £)

e, k) = f "t [ : dx o,(x, e’ erE D @7

where v,(Z%, t) is alternatively given by

@+{0

1

(2‘"')4 —o+ic
For the stability analysis, we usually look for an instability not depending on the
initial condition of the perturbations. If we set all the initial values to zero, the
transformed results have identically the same form as the one obtainable by
substituting & complex amplitude function defined, for example, by

n(x, §) = do f dk 0,/ (w0, K)* =" =P 2.8)
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0(x, ) = v,/ = 0" (2.9)

Note that, however, v;’ in equation 2.7 and »,” in equation 2.9 have different
dimensions. It is also important to remember that the transformation in time in
equation 2.7 is valid for the plane Im o > 0, so that the integration over time
can converge at ¢ = + oo, This fact will be used in chapter 3. With these two
points in mind, one can obtain the transformed result equivalently by substituting
the amplitude function defined in equation 2.9. The result then becomes (for
simplicity, we delete prime or double prime for the transformed quantity)

(kv — w)v, = —7:— (E, + voxB, -+ v, xB,) (2.10a)

At this stage it is usually convenient to consider the direction of wave propaga-
tion. This is decided by the direction of the wave veetor k used in the transforma-
tion. Here we take k also in the z direction; thus v,, B,, and k are taken parallel
to each other. By doing this we lose an electrostatic cyclotron wave instability
[for example, Briggs, 1964] and an electromagnetic instability [Weibel, 1959] but
gain a considerable simplification, which is important for presenting an example.
Then, as will be seen, the equation of continuity shows that v; is directed also in
2 direction, whereas Poisson’s equation gives E, in the z direction. This means
there exists no perturbed magnetic field B; in this case. v, ¥ B, also vanishes because
v, is parallel to B,. Equation 2.10a then simplifies to

pe = —FEie/m,
VT (ke — w)
where vy, E1, and k are in the z direction.

Now we have to obtain E;. The sources of the electromagnetic fields are
current density and charge density. We have to derive them from the velocity in
equation 2.10b. Equations needed for this are the relation of the current density J
to the particle velocity v and number density n, which, in the linearized form,
becomes (for an electron stream)

J1 = —e(nw: + niwo) (2.11)

and the equation of continuity

(2.10b)

amy

_am %
ot

=0 (2.120)

+

or
—ewn, + kJ1 =0 (2.12b)
(Equation 2.11 is not needed when MHD equations are used.) By eliminating v,
and ny from equations 2.10b, 2.11, and 2.12b, we can express J; in terms of E;
and de quantities as
2
J, = _iweo[_—%k;)i:lE1 7 (2.13)
0,

@
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where w,, is the plasma frequency of the stream electrons given by

ezn 1/2
Wy = (5070) (2.14)

and ¢ is the space dielectric constant (=8.854 X 10-12 F/m).
Here we introduce the concept of equivalent dielectric constant. In the second
curl equation of Maxwell’s equations

VxH = J + eo%?— 2.150)

if we know the relation between the current density J and electric field E, such as
shown in equation 2.13, the right-hand side may be equivalently written as

V xH = — iwe(l + &)E (2.15b)

e expressed as equation 2.16, which is a tensor in general, is called the equivalent
dielectric constant (temsor). In the case of the electron stream, ¢ becomes scalar
and is given from equation 2.13 by

2
Wy, —
€= o = ko)’ (=¢) (2.16)
Exactly in the same way, one can derive the equivalent dielectric constant,
&, for the stationary plasma electrons

& = — (0, /w’) (2.17)

where o, is the plasma frequency of the stationary electrons. Because there exists
no perturbed magnetic field, equation 2.15b reduces to

Jl - inOEl = 0 (2.150)

If we use for J, in equation 2.15¢ the sum of the perturbed current in the stream
and that in the plasma, we have

—twee(l + ¢, + ¢)E, =0 (2.15d)
The nontrivial solution of equation 2.15d is given by
D, k)=w(l+e+6e)=0 (2.18q)

Equation 2.18a is called the dispersion relation.

Let us now briefly review the process we took to derive the dispersion relation.
We first assumed an arbitrary electromagnetic field and obtained the response in
particle motion produced by the Lorentz force. We have linearized the equation
by assuming the perturbation is infinitely small. We then obtained the electro-
magnetic field produced by the charge and the current distribution that appear in
consequence of the initially assumed electromagnetic field. The dispersion relation
represents a relation between «w and k that makes the assumed electromagnetic
field consistent with the induced field for an infinitely small perturbation of a
form e’ * “?, Thus if the dispersion relation gives a root for w with positive
imaginary part, the self-consistent field grows exponentially in time.
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2.2. Analysis of Instability

A plasma is called linearly unstable when the dispersion relation
D(w, k) =0 (2.19)

has a solution for w with a positive imaginary part for any real value of k. What
we mean by linearly unstable may be illustrated in Figure la and b. Fig. la is a
commonly used picture of a ball sitting at the top of a hill. This case represents a
linearly unstable situation beecause an infinitely small perturbation would kick the
ball down.

Case (a) may be called explosively unstable because a finite displacement
of the ball position does not lead to a stable situation, whereas, in contrast, in
case (b) the ball reaches the next hill and is reflected back, hence it will be
stabilized with a finite (nonzero) size of perturbation (displacement). Case (c),
on the other hand, may look stable, but if a large enough perturbation is applied
to the ball, it becomes unstable. Such a case is generally called nonlinearly
unstable. Case (d) represents an absolute stability.

Throughout the text we will discuss situations represented either by case
(a¢) or (b), without trying to distinguish between them. However, as can be
easily seen from different cases in Figure 1, nonlinear effects are very important
in studying real dynamies of a plasma. One has to bear in mind that linear
instability analysis does not give a solution to all plasma dynamies.

We will now discuss the nature of the dispersion relation given in equation
2.19 in the context of stability analysis. The arguments are those developed in a
recent paper by the author [Hasegawa, 1968]. In the particular example of a

VAR S

a) LINEARLY UNSTABLE b) LINEARLY UNSTABLE
(EXPLOSIVE) (NONEXPLOSIVE)

SN N\

¢) NONLINEARLY UNSTABLE d) STABLE
Fig. 1. Models of various stability conditions.
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stream of electrons and a stationary plasma, the dispersion relation has the fol-
lowing form (from equations 2.16 and 2.17 )
V 0),2 w,,a

1— il e e 0 (2.18b)
Although equation 2.18b is a fourth-order algebraic equation for o, it can easily
be seen that two of the roots can become complex by plotting the left-hand side
versus » and counting the number of zero crossings. It is also easy to see that if
vo = 0, the complex roots disappear; thus the instability arises from a relative
velocity between two groups of electrons.

In this section, however, we are not interested only in the fact that a two-
stream flow of electrons becomes unstable. We are interested in a more general
theory of the nature of the dispersion relation that leads to an instability.

The fact that the instability is generated by the ¢ part of the dispersion
relation implies that ¢, has a particular nature as a dielectric constant. According
to Landau and Lifshitz {1960], the electric field energy W of a wave propagating
in a lossless dielectric medium can in general be expressed as

W = %‘l_e) %22 (2.20)

where (E?) is the time average of the square of the electric-field amplitude.
If we use this relation, the energy of a wave in a stream W,, and in a plasma
W, can be calculated, respectively, as

L de) _ ot )
0w (w — kvo)’ Cos

W,
and

W, « d(we,) = 2%2
Jw w
Thus we can see that W, is always positive, whereas W, can be negative if
o < kvo. Now the dispersion relation for stream electrons only can be obtained
from (2.18b) by setting «, = 0 as

w — kvo = tw,, (2.21)

Therefore the mode corresponding to the lower sign of equation 2.21 (called the
glower wave) does in fact satisfy the relation o < kv,. Hence this mode carries
a negative energy. Such a wave is called the negative-energy wave. The present
two-stream instability can be interpreted as caused by the coupling between the
negative-energy wave in the stream and the positive-energy wave in the plasma.

1f the coupling is weak such that the coupling occurs between only two modes
(the above example is not this case, because four waves whose dispersion relations
are given by o = kvo T wps and @ = %o, are coupling simultaneously), four
different cases can occur as shown in Figure 2 [Sturrock, 1958). Plotted in this
figure are portions of the dispersion relation in o — k coordinates that represent
couplings between two modes of different characteristics. Coupling oceurs when
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Rew |~ Imw /-Imw
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\\\ ——————— ’I k \\__—/, k
a) UNSTABLE b) UNSTABLE
(CONVECTIVE) (NONCONVECTIVE)
w w
-
//// \ /
Ay N ~ //
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/ \\ /I // \\
/ L,
k k
c) STABLE d) STABLE
{EVANESCENT)

Fig. 2. Dispersion diagrams of two coupled waves of various natures: (a) opposite energy,
same group velocity; (b) opposite energy, opposite group velocity; (¢) same epnergy, same
group velocity ; and (d) same energy, opposite group velocity.

two modes have the same phase velocity at the same frequency . Thus it can
be represented by the crossing of two lines that represent dispersion relations of
each mode in the o — k diagram.

Cases a and b are for two waves with opposite signs of energy, whereas ¢ and
d are for two waves with the same sign in energy. In case @ or b, a complex o
solution results for real k, hence representing unstable situations; in case ¢ or d, »
is always real, thus representing stable situations. The difference between a and b
(as well as ¢ and d) is in the sign of the group velocity (v, = dw/0k) of the
two coupling modes. Specifically, cases a and ¢ are for the same sign in the group
velocity, but b and d are for opposite signs.
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In case a, k also can become complex; thus a spatial amplification of a wave
at fixed real frequency o is possible. Such a case is called convective instability.
In case b, the wave number always remains real, hence the instability does not
convect away. Such a case is called nonconvective or absolute instability.

It can be shown in general [for example, Hasegawa, 1968] that in a lossless
system the necessary condition for an instability to occur (for the root of the
dispersion relation to have Im o > 0) is that part of the dielectric constant of a
plasma (for example, in the previous case, ¢ of equation 2.18a), should satisfy the
condition of a negative-energy wave, i.e.

I we)/dw < 0 (2.22)

for real o.

We now consider a situation in which losses in the system, either due to col-
lisions or wave-particle interactions, are not negligible. In such a case the neces-
sary condition for an instability is that a part of the dielectric constant satisfies
[Hasegawa, 1968]

Re e = Re (—iwe) = Im (we) < 0 (2.23)

for real w, where o (= —iwege) represents the equivalent conductivity of a plasma.
Equation 2.23 represents simply a condition of negative real conductivity, or in
other words, negative dissipation. One can produce equation 2.22 from equation
2.23 for a case with a small loss by expanding o in powers of small Im o (>0)
and requiring Re ¢ < 0, hence equation 2.23 represents a more general necessary
condition for an instability than equation 2.22.

We will now see how such cases arise by using again the example of two-
stream electrons in two extreme cases. In the first case, the stream electrons are
collision-dominated, whereas in the second case the stationary electrons are colli-
sion-dominated. Both cases produce instability, but the difference in physical
mechanism is worth appreciating.

The collision effect for a cold plasma can be brought in simply by introducing
a Langevin-type friction term, v, into the equation of motion, equation 2.1,
where v is an equivalent momentum-transfer collision frequency between electrons
and other species. In the first case, where the stream electrons are collision-
dominated, ¢, is modified to

o’
)
where the recombination rate is assumed to be zero. From equation 2.24, we can
immediately see that when o — kv, < 0, ¢ satisfies the condition (2.23), the condi-
tion of negative dissipation. According to the theory presented, the system can
still become unstable. To see this we now write down the entire dispersion relation
(assuming no collisions for plasma electrons), following equation 2.18q

€,

(2.24)

ey
v(w — k)
If we assume for simplicity wz <K op, the solution of equation 2.25 can be
written as

2
_wL_i_

2
w

0 (2.25)
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2
. W,
©w=w, — 1 S, — Toon) (2.26)

Hence for k > wp/vy, the instability results.

Now we consider the second case where the plasma electrons are collision-
dominated. In this case, the dielectric constant for the plasma electrons becomes

6 = i, /v 2.27)

Naturally Im ¢, > 0, and the dielectric constant represents a dissipative medium.
The full dispersion relation now reads

Wy 1w, _
1-— = ko) + = 0 (2.28)

and the approximate solution is obtained for kv ~ wp 2> g,

w = koo = w,,,(l - ’i) (2.29)
2

The lower sign that corresponds to the negative-energy wave has a solution with
Im » > 0. Equation 2.29 implies that a negative energy wave can cause insta-
bility by coupling not only to a positive-energy wave but also to a dissipative
medium. This is because the amplitude of the negative energy wave grows by
dissipating its energy.

With these preparations, we can now derive an important general theory.
If we define an equivalent longitudinal (electrostatic) plasma conductivity by

o(w, k) = twgn,/E’¢, (2.30)
where q is the particle charge and ¢, is the perturbed electrostatic potential de-
fined by

¢1 = E\/(—1k) (2.31)

and k is the wave number, the dispersion relation of an electrostatic mode can in
general be written as [Hasegawa, 1968]

—iwey, + olw, k) =0 (2.32)

where & = |kl

We consider a situation such that the system has only a small loss. Mathe-
matically this means that for a real frequency « and wave number k, |Re o <
|w,(@ Im o/dw)|, and equation 2.3 is satisfied by the real frequency w(=w,) at
real wave number k(=Fk,) such that

—tw.e + 7 Im olw,, k,) =0 (2.33)

The imaginary part of o(=e;) can be obtained in the following way. We expand
the dispersion relation equation 2.33 around v = «, in powers of 7w;

0 Im [o(w,, k.)]

—iew, + ) + 7 Im olw,, k) + Re ow,, k,) + 7w; ™

= 0 (2.3

Using equation 2.33, we have from equation 2.34
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Re [o(w,, k.)]
{0 Im [o(w,, k,)]} /0w, — €

Equation 2.35a is quite a useful relation though it applies only in limited situa-
tions with small loss. We have used o and ¢ in a mixed way because o is more
natural when we talk about loss, whereas ¢ is more natural when we talk about
energy. The relation between o and ¢ is

(2.35a)

w; = Imw =

—iwe e = o (2.36a)
hence
Re o = Im (we)

Im ¢ = —Re (we

(2.36b)

If we include the vacuum dielectric constant in ¢, equation 2.36a can alterna-
tively be written as

_ Re s
[8(w Re €)]/0w

From equation 2.36b, one can conclude immediately that instability results either
when a negative dissipation (Re o < 0) couples to a positive-energy wave
(8(we) /0w > 0}, such as the example in case 1, or when a negative energy wave
(8 (we) /3w < 0) couples to a positive dissipation (Re ¢ > 0), as in case 2.

One can generalize the argument to a general dispersion relation (without
restriction to an electrostatic mode) given by

D(w, k) =0 (2.37)

(2.35b)

w; =

if the following condition is satisfied by D: there exists real w(=w,) for a real k
that satisfies

1. Re [D(w,, K)] = 0 (2.38)
2. IIm [D(w,, B)]| < |or %(“’"—k)] (2.39)

Using the same technique as before, by expanding D around o = «,, we have

__ Im D(,, k)
d Re [D(v,, k)]/dw

In the magnetosphere, because there are different groups of plasmas (in
terms of average energy) a situation often occurs when a wave propagated by
one group (typically the cold- or low-energy group) resonates with particles in
other groups (low-energy or medium- to high-energy group) and exchanges
energy between groups. Under these circumstances, the condition of wave propaga-
tion (equation 2.33 or 2.38) is satisfied by the former group, whereas Re o in
equation 2.35a¢ or Im D in equation 2.40 is decided by the latter group. Such an
approach simplifies the analysis significantly. Therefore expressions (2.35a) or
(2.40) are quite useful in magnetospheric plasmas.

w; =

(2.40)
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Given the dispersion relation in the form of equation 2.37, finding a linear
plasma instability requires only the algebra of finding a root for » with a positive
imaginary part for a given value of real wave number k. The above argument
applies only for a case of a small growth rate. For a case with larger growth rate,
a classic technique called Nyquist’s theorem is useful. Consider the following
Cauchy integral, I

I= f D(Z""k) X dDdf:"’ k) (2.41)

where the integration contour is along the border of the upper half-plane in the
complex o plane, namely, from — to +c on real o axis and infinite semicircle
on the upper half-plane (Figure 3). If D = 0 occurs for » with a positive imagi-
nary part, I has a finite value according to the Cauchy residue theorem. (D is
assumed to have no pole. The assumption is shown to be valid for a physical
system using causality arguments). Now, the integral I can be transformed into
a D plane integral such as

I= f d%d“’ doo = fD ‘%D (2.42)

where the integration contour has to be mapped into the .D plane. In the D plane,
the pole occurs at D = 0, hence I has a value when the mapped contour in D
plane encircles the origin in D plane. In other words, an instability results when
the mapping on the D plane of the contour that encircles the upper half » plane
encircles the origin in the D plane. This is the Nyquist theorem (cf. Figure 3).

Imw

[o] Rew

ImD ImD

( 4R
a0

|

ReD

\/ ReD

a) STABLE MAPPING b) UNSTABLE MAPPING
Fig. 3. Nyquist diagram for (a) stable and (b) unstable cases.
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3. PLASMA INSTABILITIES RELEVANT IN THE MAGNETOSPHERE

In this chapter we summarize plasma instabilities that are possibly applicable
to magnetospheric plasmas. A plasma instability occurs by conversion of steady
free energy in the plasma into fluctuating field energy. Free energy is present
when the plasma is not in thermodynamical equilibrium, that is, when the plasma
is not either uniformly spread in space or does not have a Boltzmann distribution
in velocity space. (Note, however, that a dynamical equilibrium state can be
achieved if the forces acting on a plasma are balanced, even though the plasma
is not in thermodynamical equilibrium.) Because the plasma in the magnetosphere
fulfills neither criterion, it is subject to some instabilities.

3.1. Velocity-Space Instabilities

Plasma instabilities that originate from the velocity-space nonequilibrium are
primarily due either to a two-humped velocity distribution or to an anisotropic
distribution with respect to the ambient magnetic field or the direction of the wave
propagation. Both electrostatic (V xE = 0) and electromagnetic (V-E = 0)
modes become unstable in the presence of such distributions. For introductory
purposes, we will start with one of the simplest examples of such an instability,
an electrostatic instability caused by a two-humped distribution, and will gradually
generalize the idea into more complicated systems.

3.1a. Electrostatic instabilities due to two-humped velocity distributions. If the
velocity distribution function has two or more peaks, it is known that an instability
can occur. The two-stream instability shown in chapter 2 is an example of this
case. Whereas the two-stream instability discussed in chapter 2 is excited by the
negative energy wave carried by the stream, in this subsection we discuss a two-
stream instability that is excited by negative dissipation produced by wave-particle
interactions.

Let us consider first an electrostatic perturbation in a high-frequency regime
where the ion dynamics are negligible. When the velocity spread is significantly
large, individual particles will have different trajectories, and some will interact
with the wave strongly. On the other hand, the wave is produced by the macro-
scopic behavior of those particles, such as the number density or the current.
Description of such a system is more effectively made by considering particle
dynamies in phase space (X, v, ). When the collision effect is negligible, the phase-
space density function f(x, v, t), which represents the probability density in velocity
space, of an individual particle can be regarded as the same on average as that of
all the other particles, and its value is conserved.

The Vlasov equation, which represents the conservation of the density function
f(x, v, 1) in a force field F(x, ¢), can be written as (taking the nonrelativistic case
for simplicity)

of
at

of 4 1 gof _
+vax+mF6v_0 (3.1)
The current density J and the charge density p are obtained by taking the first
and zeroth moments of f as
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@

&0 = [ vitx, v, 0 dv (3.2

o ) = a0 [ x, v, b dv 3.3

where g is the charge of the particle represented by f, n, is the mean density, and
dv represents the volume integral in the velocity space.

We first consider a case in which the direction of propagation is parallel to the
magnetic field. Because we assume an electrostatic perturbation (V x E = 0),
we use the electrostatic potential ¢ to represent the field. The linearized Vlasov
equation for the electron distribution function then becomes

oh o Oh | e d¢1 8fo _
6t+vaz+m, dz =0 (3.4)
and
F, = e(d¢,/02) (8.5)

where f; [= f1(z, v, t)] is the perturbed velocity distribution funetion of an elec-
tron, and fo [= fo(v)] is the unperturbed velocity distribution funetion that
depends only on velocity w. Substituting equation 3.5 into 3.4 and taking the
Fourier-Laplace transformation as defined in equation 2.7, we have

f= — (e/m.)(3fo/dv)

v —w/k @
The perturbed number density n; can be obtained then from equation 3.3 as

(3.6)

= — ° _ @ ® (_afn/a”)¢1
am, = mo/;mfldv— m, _mv_—w/k dv 3.7

As was discussed in chapter 2, the Fourier-Laplace transformation is valid for
the plane Im o > 0, hence, the integral over velocity space in equation 3.7 has

to go below the pole at w/k (see Figure 4). The conductivity associated with such
an electron perturbation can then be obtained by using equation 2.30 as

_ lwew,,” / dfo/dv
TTTE v = (k)

The dispersion relation is obtained by substituting the above expression into
equation 2.32 as

dv 3.8

@t [T 3o/ _
I—F[QWdU—O (3.9

According to the criterion presented in equation 2.23, the necessary condition of
instability is obtained from the condition Re o < 0. If the growth rate is very
small, ie., if Im o is small, ¢ in equation 3.8 can be expressed in terms of the
principal integral and the contribution from the pole at v = w/k as (cf. Figure 4)

 dwewy,” 3o/ . 3 ]
o = o [P f_ e LR (3.10)
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Imv
vaw/k
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folv) folv)
|
! I
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a) STABLE DISTRIBUTION b) UNSTABLE DISTRIBUTION

Fig. 4. Path of integration of equation 3.9 over velocity v, and
the corresponding (a) stable and (b) unstable velocity distri-
butions.

where P represents the principal integral. The necessary condition for instability
with a small growth rate is then expressed immediately by

@ % s >0 (3.11)
Physically, equation 3.11 means that at v = w/k(=v,), the unperturbed velocity
distribution function has a positive gradient. Since the Maxwell distribution of
the form ™" always has a negative gradient, it is always stable (Im » < 0, Landau
damping); if the distribution has an additional peak at v > w/k, the necessary
condition of the instability is satisfied. Given a two-humped distribution, the
existence of a phase velocity in the range of positive gradient can be found only
by solving for real w and k the dispersion relation given by

dfo/dv
1— Pf_mv_(/k)d—o (3.12)
For further details see Landau [1946] and Jackson [1960]. If it happens that
equation 3.12 gives a complex » solution, the above argument breaks down. For
example, if f, represents two streams with no velocity spread, ie., fo = 8(v) +
8(v — o), equation 3.12 gives the same dispersion relation shown in the example
in chapter 2, and has a complex o solution. The instability occurs by interactions
between negative and positive energy waves, and not by wave-particle inter-
actions, as shown in equation 3.11.

We now consider a low frequency regime where ion dynamics become impor-
tant. The dispersion relation including ion dynamics can be obtained in exactly
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the same manner by adding the ion charge density perturbation to the conduc-
tivity as

ng ” afo./av __ Wpi -2 ® afm/av _
S g (w/k) Ay B (w/k) dv =0 (3.13)

where the ion and electron contributions are designated by the subsecripts ¢ and e.
The dispersion relation given above is not analytically soluble for a general case.
Hence we consider a particular case where the ions are cold and stationary,
whereas the electrons are hot with their thermal velocity much larger than the
phase velocity and drift with a drift velocity v, with respect to the ions. Then the
integral for the ion contribution in equation 3.13 becomes, after integration by
parts

I;Efn _Ofos/30_ 4, —f_m%dv

v — (w/k) = v — W/k)]
The ‘cold’ distribution can be represented by the delta function as
= &(v)
hence
I, = k*/o® (3.14)

For electrons

1, _f 9fos /O d

wt = (w/k)
- 8fo. /v afﬂe
Pf v—(/k)dv—l_z 0 |smurt

because the thermal velocity for electrons is assumed much larger than the phase
velocity, if we assume a Maxwellian distribution for fo, such that

f 1 —(n—-.)-/zn,.,n
(21'.)1/2”1'.
1 =1 L o,
I.E———f —-(— e"”‘)dv i =
(27r)l/szs - V vTaz + av omw/k (3.150’)
— afo.
v 2 av v=w/k

where we assume the electron drift velocity vy to be much smaller than the ther-
mal velocity vpe. Then the dispersion relation equation 3.13 becomes

_ ._L w,,, s afo,
1 w + 1)1', w kz o

For a low frequency limit, < wp, the real part of the dispersion relation is
readily soluble and gives

=90 (3.15b)

omw/k

w = ke, (3.16)



720 AKIRA HASEGAWA
where ¢, is the ion sound speed given by

¢, = vr-(m-/m-')l/z . (8.17)

The wave represented by the dispersion relation (3.16) is called the ion acoustic
wave. The growth rate y of the instability is obtained using equation 2.34a as

2 aan
Y = mavr, . (3.18)
As expected, the instability (y > 0) occurs when dfo./dv is positive at v = ¢,.
This means the drift velocity v, of the electrons has to be greater than ¢, because
foe has its only peak at v = v,.

We have shown that when the ions are cold and the electrons are hot the
ion sound wave becomes unstable when the electron drift velocity exceeds the
ion sound speed. However, if the ion temperature is comparable with the elec-
tron temperature, the instability becomes possible only when the electron drift
speed exceeds the electron thermal speed, vy, which is 43 [=(my/m,)*/2] times
larger than ¢, [Fried and Gould, 1961].

3.1b. Electrostatic instabilities due to anisotropic velocity distributions in
the presence of a uniform magnetic field. In this subsection, we consider the
effect of an ambient uniform magnetic field on electrostatic waves. The Vlasov
equation for the unperturbed velocity distribution function f, becomes

ofe
(vxBo)-o' = 0 (3.19)
Equation 3.19 can be satisfied for any function of v, and v, as
fo®) = folvs, v) (3.20a)
where
h =72,
and (3-20b)

b= 0 0

are the velocities parallel and perpendicular to the magnetic field, and z is taken
to be parallel to B,. As was pointed out before, the thermodynamic equilibrium
situation is achieved when f, is the isotropic Boltzmann distribution; hence, any
anisotropic distribution or two-humped distribution either in v, or v, produces
free energy in the plasma and may cause instabilities.

If we limit our interest still to electrostatic perturbations, the linearized
Vlasov equation for a species with charge ¢ and mass m becomes

oh 4 (80, g Of _ g 9e 9f
ot TV ox Tm T*B) 5y = max v 3.21)
In equation 3.21 f; can be obtained either by integrating along the unperturbed
orbit [for example, see Krall, 1968] or by solving the differential equation by a
suitable change of variables [for example, see Bernstein, 1958]. We take the
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former method because it has more general application, as will be seen later.
f1 then can be written formally

¢ 7
= » 4 9en(t) )%
f(&, v, 1) f_ _ay Lo k)., (3.22)
where the unperturbed orbit of the particle can be obtained from the equation
of motion in the unperturbed field

av'/dt’ = (g/m)(v' xB,) (3.23)
which gives

14
=2+ % [cos (8 — w,t’) — cos 6]

<
|

4
"=y + 2 [sin (6 — w.t') — sin 0] (3.24)

2 = 2o + v]]’t,

where 6 is the polar angle in velocity space and w.(=¢B,/m) is the cyclotron
frequency.

If we consider a perturbation of the form exp ¢(k-x — wt) and take the direc-
tion of wave propagation in the z, z plane (without loss of generality) such that

k'x = klx + k"z (3.25)
Equation 3.22 gives

v, =i [ _ar (kl g_f + & %) o1 exp ik, () + ke (t) — ot’] (3.26)

After performing the integral over ¢ and substituting the result into equation
3.4 to obtain the number-density perturbation n;, one can obtain the longitudinal
conductivity of the plasma in a magnetic field from equation 2.30 as

oo, 1) = e 3 [a [ J(kv)] BiOfo/00) + /o) @fo/00) (g o,

W, ko, — (@ — new,)

where dv = 2wv, dv, dv; and J, is the nth order Bessel function of the first kind.
In deriving equation 3.27 use is made of the identity

©

exp (izsin ) = 3 J,() exp (inf).

nm—om

Because we already know that a two-humped distribution in v, produces a con-
ductivity with a negative dissipation, we assume a stable (single-humped) dis-
tribution in the parallel direction. We take a Maxwellian distribution for vy; then

folwy, vy) = (271)1/5 vi” exp (_%uz?)fu(vi) (3.28)

where vz, is the thermal velocity in the parallel direction and foy is the distribu-
tion function depending only on the perpendicular velocity v 1- It is also con-
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venient to introduce here the plasma dispersion function defined and tabulated
by Fried and Conte [1961]

1 ® e
Z@) = (Tﬁf_wf_—fdx for Im¢ >0 329

= analytic continuation of the
above integral for Im { < 0

The power-series expansion for a small argument and the asymptotic expansion
for a large argument of the Z function are given by

Z2() = i) et — 2;( % )

for |f] K1 (3.30)
Z(0) = i(w) Poet" — : (1 + )
2 3.31)
for |¢|>1
where

0 Im¢>0

=11 Im¢{=90

2 Im¢ <0

Then equation 3.24 may be expressed as

- = weqw,, i F,.[l + @ — nw,(1 — Bop /7)) Z((;);zl:::)o;n)] (3.32)

Ren’ @ kom
where
Fn = ./; [J,,(k.].v.l.)] fo_L(vJ_)2‘lﬂ)_L dv; > 0 (3.33)
and
_ o [T (@)] 1 3o
B, = F, J, I:Jﬁ W, v_,_ o, 2m, dv, (3.34)
where

= (") and v5,* = (v.°)/2

The necessary eondition of the instability is again obtained by finding the
condition Re ¢ < 0. Because the imaginary part of the plasma dispersion function
is always positive, such a condition can be written as

0 <w< nwﬁ(l —_ qugaRn/vr_Lz) . (3.35(1)
or
1-— vﬂzR,./v“z >0 ' (3.35b)
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Now R, is shown to be unity if fo, is also Maxwellian (but with perpendicular
thermal velocity vy, different from the parallel thermal velocity vr;). Then by
writing vr2/vr;2 = Ty/T,, where T and T, are parallel and perpendicular
temperatures, respectively, (3.35b) reduces to

T./T, > 1 (3.35¢)
Equation 3.35¢ shows that a plasma with a larger temperature in the direction
perpendicular to the magnetic field than that in the parallel direction can become
unstable for an electrostatic perturbation.

If fo, is not Maxwellian, R, can deviate from unity. In fact if fo; has a peak
at v, # 0, R, can become negative, in which case the necessary condition of
instability (3.35b) is satisfied independent of the ratio vr)/vr,. Hence another
necessary condition, which is independent of equation 3.35¢, is

f: [J (M)] L oot oy iy, > 0 (3.35d)

We vy 31);
Equations 3.35a, b, ¢, and d are necessary conditions for an instability of electro-
static perturbations in a magnetic field. The necessary and sufficient condition
must be worked out by finding a suitable wave mode with which the negative dis-
sipation found here can couple. These instabilities, which are associated with
anisotropies in the velocity distribution, were found by Harris [1961].

In addition to the distribution anisotropy, low-energy particles in the mag-
netospheric plasma tend to have a distribution in which particles falling into the
loss cone are absent. Such a distribution, called a loss-cone distribution, is known
also to be subject to an electrostatic instability [Post and Rosenbluth, 1966].

3.1¢. Electromagnetic instabilities due to anisotropic velocity distributions in the
presence of a uniform magnetic field. In this subsection we consider plasma insta-
bilities that have a predominantly electromagnetic nature. This means the case
where V-E ~ 0 in contrast to the electrostatic cases where V xE ~ 0. In reality,
however, waves in a hot plasma propagating oblique to the ambient magnetic
field satisfy neither V xE = 0 nor V+-E = 0. Only when the k vector is exactly
parallel or perpendicular to the magnetic field do the electrostatic waves and
electromagnetic waves separate.

In the case of oblique propagation (k xB, 5 0), however, one can generally
say that the wave approaches electrostatic near the resonant points given by
|k| — . Hence the results presented in subsection 3.1 are valid for short wave-
length. In the general case of oblique propagation, however, one has to derive the
dispersion relation from the full Maxwellian equations

k(k-E,) — KE, + %: (M4+2:E =0 (3.36)
where | is a unit tensor given by
1 00
I=(0 10 3.37)
0 01

and e is the equivalent dielectric tensor that is related to the conductivity tensor by
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[]
= (3.39)

and
J.= WOfox dv

= ¢-E,

(3.39)

The perturbed distribution function f, can be obtained as a function of E, by
solving the Vlasov equation including the full electromagnetic field

oh , g9h 4 [ vx(kxEl)]_a_fo
ot T Vox (V"B)J’ E:+ S (3.40)

The equivalent dielectric tensor obtained this way has the following expression

R LT N P CULIE TR NN

species A=— Ivll (OJ - nw)

where the matrix | is given by equation 3.37 and the matrix S is given by

s 2 S
¢ . n& 7 c
(k_j_ J ) * 1 VJ.J”J" kJ. *
S = @) —iv o ||y (3.42)
J. o J T, J.)’ z
L JU .

and the arguments of the Bessel functions J, are k,v,/w, and «, is the cyclotron
frequency ¢B,/m with sign included. In equation 3.42, B, is taken in the direction
of positive z axis. Expressions 3.41 and 3.42 are those derived by Guest [1971].
The dispersion relation obtainable from equations 3.36 and 3.41 above represents
the most general case for a uniform plasma in & uniform magnetic field. For exam-
ple, instabilities presented in subsection 3.1b can be derived in a more exact form
using the above expression. We do not, however, go into the detail of electromagnetic
modification of the instabilities derived in subsection 3.1b, but focus our attention
only on instabilities that are predominantly electromagnetic. For this purpose we
look at the case where the wave propagates parallel to the magnetic field. In this
case, instability arises owing to either two-streaming or pitch-angle anisotropy
(Ty/Ty, > 1). Waves associated with these instabilities are the electron- and
proton-cyclotron waves.

In Maxwell’s equation 3.36 we put k-E, = 0. If we also put k, = 0in the
dielectric tensor in equation 3.41, ¢,, becomes equal to e,,, and e,, as well as e,
vanishes. We then have for a transverse wave propagating parallel to the magnetic
field

_sz + 2 [(1 + ez:)(E + Eszll)] = 0
(3.43)

—KE, + % = [(1 + &), — e, E)] =0
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If we define a new electric-field vector

E.=E, — {E, (3.44)
for the right-hand circularly polarized wave and
E,=E, +E, (3.45)
for the left-hand circularly polarized wave, Ex and Ey, satisfy
w2 wz
I:—Ic2 + P I+ e+ izg e,,]E'R =0 (3.46)
and
wz wz
["kz + :2' (1 + ezz) - 7'? ezv]EL =0 (3'47)

From equations 3.46 and 3.47, together with the dielectric tensor in equation
3.41, we have the dispersion relation for the right-hand polarized wave

B = o + .2 f (© = ko)fo'@) — k[(@.°)/2)0fn"/v)] do,

w - kv" — W,

+ w,.-2 f (w— kvu)fnui(::u)_—kf“[(ﬁiii/z)(afou‘./avu)]dv“ =0 (3.48)

and for the left-hand polarized wave

B — o + f = kvn)fou'(Z||)_—kl’f"[(_(:i¢i>/2)(afou’/avu)] do,

+ w,’ f (@ = ko)for' @) — k[((,*)/2)(Bfon’/001)] =0 (349

w — kU" - Wes

In the above expressions, fo;® and fo* are the electron and ion distribution func-
tions in the parallel direction, and (v, ,2)/2 and (v, 2)/2 are the electron and ion
thermal velocities in the perpendicular direction. In equations 3.48 and 3.49, if
we take a limit of zero temperature by putting (1% = 0 and fo; = 8(vy), we
can recover the familiar dispersion relation for electron-cyclotron and ion cyclo-
tron waves, respectively.

Let us first discuss the two-streaming-type instability. For this we choose
a coordinate system fixed to the ions such that the distribution functions are
given by

fou'. = 8@ — vo) (3.50)
fo" = 8()

Substituting equation 3.50 into 3.49 we obtain the dispersion relation of ion-
cyclotron waves with drifting cold electrons

w =k L e_w g (3.51)

w_kvo+wcc W — W,

2 2 2 2
Ee" — o + o,

The instability arising from equation 3.51 was first discussed by Bernstein and
Dawson [1958]. However, Briggs [1964] as well as Hasegawa and Birdsall
[1964] later pointed out that there are two ranges in w(o = 0 and » =~ wes) and
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k (k = 0 and k = we/v) in which such an instability arises, as can be seen from
the plot of equation 3.51 in (w, k) space in Figure 5. More precisely, the distribu-
tion function given by equation 3.50 produces current in the 2z direction; hence,
the assumption of the uniform z-directed magnetic field is violated. One must
therefore assume an ion current to compensate this electron current.

It is important to point out that, although for the example shown here the
two-stream-type of cyclotron-wave instability occurs only for streams of opposite
charge sign, a two-stream instability between the same species (electron-electron
or ion-ion) can occur for cyclotron waves if one considers either the effect of
finite cross section of the stream [Hasegawa, 1966] or the effect of anisotropic
kinetic energy [Bell and Buneman, 1964].

We will now discuss cyclotron-wave instabilities associated with anisotropic
temperature (T, > T'). Such instabilities were first pointed out by Rosenbluth
[1959] and Weibel [1959]. As in the case of the electrostatic two-stream instabil-
ity, the instability arises because of either the negative-energy wave or of negative
dissipation. The instability due to the negative-energy wave can be found easily
by considering the limit of 7'y — 0 with finite T, . For example, the dispersion
relation of the left-hand polarized wave then becomes

2 2 2 2 2 2 2
f 1 4 9l @uY2 | w0l >/2] _o [ o ]
k [1 + (@ + w.)%® ' (@ —w)%] & 1 wlw + w,.) ol — w) (3.52)
From equation 3.52, o is found to become complex for wave number k > ky,
where

S (@59
and the growth rate for k > k,, becomes
2\\1/2
Imow A ‘% (ﬁ%z) (3.54)

while the real part of the frequency is given by

Re v &~ w,, (3.55)
The dispersion relation equation 3.52 is plotted in Figure 6.

Fig. 5. Dispersion diagram of coupling be-

tween the ion-cyclotron wave and the slow

electron-cyclotron wave in a two-stream elec-
tron-ion system.
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Fig. 6. Dispersion diagram of the ion-cyclo-
tron wave in a plasma with anistropic tempera-~
ture (T, > T).

When there exists a significant spread in v, and a large number of particles
resonate with the wave at o = o, = kv, Im ¢ becomes sizably large, and the
instability becomes the negative-dissipative type. We take the electron cyclotron
wave as an example. If the growth rate Im o is small, we have from equation 3.48

Ime « Im f @ — kv fo' ) — k[«”uz)/2)(3fo||a/3vn)] d, (3.56)

w — kvy — w,,

For most distributions 8f,,°/dv; may be written as = /(v foy®. Thus if we
write

SUJ..22 _T.
2<vua2> T (8.57)

equation 3.56 becomes

(w — kvy + kT, /Ty )fo’

w — kU" — W,

Imw « dv,

which can be further reduced for small Im o using Dirac’s expression as in equa-
tion 3.10

T e e T Wee
Imo~ -7 [wc, + @ = ) T—*h]fou ("’ - ) (3:59)
The condition of the instability is obtained simply by imposing Im » > 0 and

TJ.: Wee
T”, > Wey — W

(3.59a)

Equation 3.59a shows that even for a small anisotropy in temperature, Im o
becomes positive for @ — we,. When Im o is large, the necessary and sufficient con-
dition of the instability can be obtained by finding the positive-energy range for
the frequency range satisfying equation 3.59¢ (cf. equation 2.35b). Because we
know from equation 3.54 that a cyclotron wave with anisotropic temperature
carries a negative-energy wave for a frequency range similar to that for which
Im » > 0, equation 3.59a does not give the necessary and sufficient condition of
the instability in general.

However, as in the magnetosphere, if a significant amount of cold electrons
are present, the cyclotron wave carried by the cold electrons is definitely a posi-
tive energy wave; hence, equation 3.59a will give the necessary and sufficient con-
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dition for the instability. This reasoning is applied by Kennel and Petschek
[1966] in their calculation of pitch-angle scattering of electrons by the waves
excited by this instability. Isotropization of the distribution as a consequence of
the instability has been demonstrated by Hasegawa and Birdsall [1964] using a
computer experiment.

This electromagnetic-wave instability excited by a temperature anisotropy
exists even without a magnetic field as shown by Weibel [1959] when the tem-
perature perpendicular to the direction of propagation is larger than the parallel
temperature, As can be seen from expressions 3.48 and 3.49, a large (v,2) is
needed for the instability to occur; hence, it is not necessarily a large ‘tempera-
ture,” but can be a kinetic energy in the perpendicular direction. In the absence
of the ambient magnetic field, a two stream in one species produces (v 12 and
hence is subject to an instability. Such an instability, the electromagnetic-wave
instability propagating in the direction perpendicular to the stream, has been
discussed by Momota [1966].

3.1d. Hydromagnetic instabilities due to anisotropic pressure. In this sub-
section we discuss the effects of pressure anisotropy on hydromagnetic waves (low-
frequency electromagnetic waves in a magnetoplasma). Hydromagnetic insta-
bilities arising from anisotropic pressure can be derived from the combination of
Maxwell’s equation 3.36 and the equivalent dielectric temsor given in equa-
tions 3.41 and 3.42, by taking the limit as w/w; <K 1 and kvp/os < 1. As was
shown by Kutsenko and Stepanov [1960], at such low frequency and long wave-
length limits the dispersion relation separates into two expressions:

(¢’ky*/0") — €z =0 (3.60a)

representing the shear mode (the mode having no variation in the parallel com-
ponent of the magnetic field) and
'k’

7 (éw - S ) =0 (3.61a)

w €.

which represents the coupled compressional wave and the ion acoustic wave (the
mode having variation in the parallel component of the magnetic field). In the
above expressions, ¢'s are the components of the dielectric tensor at the hydro-
magnetic limit, which can be expressed in general as [Hasegawa, 1970a]

2
€y = €y — 1 Z ::Tp (1 bl _k“f:)">)
species ¢ (3.62)

o (B )

species We w

_ go,,_2 (gp_z kil @.”) _ kJ.2<le2))]
€. = E [k||2 I + Cl)c2 ( 2(.02 2

specles w

where
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fﬂ(v ’ vJ.)
f dvy f 2w, do, o _‘" w/k")

As was pointed out by the author [Hasegawa, 1969], in the magnetosphere
where at least 10% of cold electron mixture is expected ¢,, becomes very large,
and E, is effectively short-circuited by the light cold electrons in most cases. In
this case the ion acoustic mode decouples from the compressional Alfvén wave,
and equation 3.61a further reduces to

27.2
ok . =0 (3.61b)
w

Let us consider an instability associated with the shear Alfvén mode rep-

resented by equation 3.60a. For simplicity, if we consider a nondrifting plasma,
(vy) = 0, the dispersion relation becomes, with equation 3.62

2 2 2 2 2
5 peliein-5]-0 o
If we note that
wm2 W .'2 1
Ezw 7 <K 02:; 2 = 1'):5 (363)

where v, is the Alfvén speed and
w, @) _ 1 mn@®) _ B
(05202 2 Boz/2ﬂo a 2
for each species, where 8 is the pressure ratio of a plasma species to the magnetic
field, then equation 3.60b reduces to

(3.64)

2
[}

PRohe 1— 2 36— 6w (3.60c)

species

Equation 3.60¢, which gives the standard dispersion relation for the shear Alfvén
wave if 8y = B, can be seen to produce imaginary e if

1— X 36 —B)<0 (3.65)

species

Equation 3.65 gives the necessary and sufficient condition of the instability of
shear Alfvén waves. Instability occurs for 8y > B, ~ 1, namely for a high g
plasma with a parallel plasma pressure larger than the perpendicular pressure.
This instability is called the hose instability because of its similarity to the
instability of a garden hose caused by a large parallel flow of water,

Let us now look at the instability associated with the compressional mode
given by equation 3.61b. If we consider again a nondrifting plasma with a
Maxwellian velocity distribution, e, becomes, from equation 3.62

€ = 2 {‘% -5 I:k“ 2B — By g ﬁ;(l + 255" ((2)?TM))]} (3.66)

where Z’ is the derivative of the p]asma dispersion function defined in equation
3.29 and given by
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Z'(5) = =21 + 3Z()) (3.67)
The unstable root is found by taking a low phase velocity limit such that
w/knvni <1 (368)
and
W'k, K 1 (3.69)

in which case the dispersion relation of the compressional mode (3.61b) reduces to
Wi+ > B58) 4 kf[l > m(l - &)

Bla w (I)1/2] _
6“: |1<1)|||~) 2 - 0 (3.610)

Solving for w, we have

o= —ta) L [B (14 3 B58)

6J. species

14+ X 31(1—9*—1)] (3.70)

species ﬂ
One can immediately see from this expression that the instability (Im o > 0)
occurs either when

14+ > B =B (3.71)

species 2

for large ky/k | (almost parallel propagation), or when

1+ 3 m(l _ ﬂ—*) <0 (3.72)

species :8
for small k,/k, (almost perpendicular propagation). Equation 3.71 is simply
the condition of the hose instability indicating that the hose instability occurs
also for the compressional mode. Equation 3.72, which is satisfied for 8, > 8y ~
1, is a complementary situation to the hose instability. The instability represented
by equation 3.72 is called the mirror instability.

Let us briefly discuss the physical implication of the latter instability. As
can be seen from the condition, equation 3.69, which was necessary to derive the
unstable solution, the mirror instability is not the instability of the compressional
Alfvén wave whose dispersion relation is given by o2k?v,2 == 1. In fact, as can
be seen from equation 3.70, « is purely imaginary, either growing or decaying.
Such a mode is called the entropy mode. The mirror instability is hence the insta-
bility of a compressional entropy mode. This mode appears also as a drift wave
when diamagnetic drift motion is considered (see the next section). The Im » < 0
solution of equation 3.70 for a plasma with an isotropic pressure, 8, = B, rep-
resents transit-time damping [Stiz, 1962] of the entropy mode. Transit-time
damping is the magnetic analog of Landau damping where uB; acts like an
electrostatic potential ¢, where x is the magnetic moment. When a compressional
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wave is set up, it is ordinarily damped out by the transit-time damping. How-
ever, when B, > By ~ 1, the diamagnetic repulsion of the plasma, which is
trapped in the local mirror field created by the wave, excludes the magnetic
field and further decreases the parallel component of the local magnetic field.
This accelerates the flow of plasma into the thus deepened well of the local mir-
ror, and therefore the perturbation grows.

In the magnetosphere, except possibly in the tail, 8, in general is larger
than 8y; hence the mirror instability is more likely to occur.

3.1e. Instabilities in partially ionized plasmas. When the plasma is only
partially ionized, such as in the ionosphere, the difference in v/w, (v is the collision
frequency between particular species and neutrals) for electrons and ions can
produce a difference in drift velocities among those species when an external
electric field in applied. Such a situation brings about some unique instabilities in
the partially ionized plasma. In this subsection we treat such instabilities.
Although velocity-space instabilities are treated exclusively in this subsection,
we introduce for the first time the effect of coordinate-space nonuniformity.
This is because the existence of an electric field in a partially ionized plasma,
which is necessary to drive a drift, is often related to nonuniformity in the plasma.

We consider a model plasma, which is imbedded in uniform magnetic and
electric fields B, and E,. The plasma has its density gradient in the direction
transverse to the ambient magnetic field. The coordinate system we take here is
shown in Figure 7. The transverse electric field E,., in the direction of the density
gradient, is either an ambipolar field or that plus a field applied from an external
source. We consider a longitudinal electrostatic wave propagating in an arbitrary
direction in such a plasma.

First, let us study the behavior of electrons. The density gradient and the
drift may contribute to create an active conductivity (Re ¢ < 0). The necessary
equations are the equation of motion

n=—un(E-+vxB) —D,Vn (3.73)
and the equation of continuity

0 —s
m —

0oz
VN

ox Fig. 7. Coordinate system used in the deriva-
tions of instability conditions for subsections

3.1e and 3.2a.

=

AN
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%;—’ + V() = —én (3.74)

where g, is the electron mobility (=e/v,m.), D, is the electron-diffusion constant
(=vz.2/v,), v, is the electron-neutral collision rate, vy, is the electron thermal
velocity, and & is the recombination frequency, which we assume to be negligibly
small. The inertia term ¥ is ignored in equation 3.73 because we consider a low-
frequency range where & << we,.

The unperturbed quantities, for which we use subscript O, are obtained from
equations 3.73 and 3.74 as

Vo, = _”aEO: (3.75)
— KDc —_ M’aEOz
Voz: = 1 + [.L,2B02 (3.76)
Yoy = peBovo: (3.77)
where x shows the magnitude of the density gradient
_ _d(lnn,)
=" >0 (3.78)

For the perturbed quantities, we assume a phase factor of exp i(k -x — i),
and use subscript 1. The assumption of a longitudinal disturbance allows us to use
a scalar potential ¢, for the electric field

El = —’tkgol (3.79)

Then we can solve equations 3.73 and 3.74 for the perturbed density 7, in terms of
the perturbed potential ¢;. Substituting the result into the definition of longitudinal
conductivity shown in equation 2.30, we can obtain the electron conductivity as

_ wew ko + «k,/u.Bo)
% T Blino — k-v5) — 02k0]

v is the unperturbed velocity owing to the electric field, namely,

(3.80)

= - — _”'EOZ _ ‘-LsBOF'eEOz
Vg = [J,Eo,e, 1 + ,U.,ZBoz e, —1 + ”’.2302 e,
and
b+ B
2 _ 1.2 2 s
ko = bt TR

The active range of ¢, can be immediately obtained from the condition that
Re o, < 0, and is given by

0<ow<kevg + oF (3.81a)

where
We* = KUp koy/Wes (3.81b)
Thus, from equation 3.81a, we can see that both the electric field drift and the
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diamagnetic drift (due to the density gradient) contribute to make o, active,
provided that the direction of the electric field is in its favor, i.e., if k-vz > 0 for
the direction of & such that w* > 0, namely if the ¥ component of vz is positive.
For example, if we take the ambipolar electric field, which at the limit of T, = 0
is given by

*B
E, = _ W Do 3.82
“ = 5 + wuBd O (3.82)
the y component of vz becomes, when uk, > 1,
-E z
Vg, = —B°0 <0 (3.83)

Therefore, the ambipolar electric field, which is directed in the positive z axis
(i.e., Ey» V7o < 0), has a stabliization effect (reducing the active nature of o, pro-
duced by Vn,). However, an externally applied electric field that is directed in
the negative = axis (E,*Vn, > 0) enhances the instability [Simon, 1963]. On the
other hand, any electric field in the z direction enhances the instability for a wave
with k directed such that k-E > 0.

Now, what kinds of instability will be expected to result from the active
conductivity ¢, We presume that cold ions in the plasma will constitute the
passive conductivity; by assuming a quasi-neutral condition, we can ignore the
conductivity of space (i.e., —iwe;). First we can consider a low-frequency insta-
bility, where o << w,; << v;. For such a case, the ions constitute a simple resistive
medium whose conductivity is given by

Ti = €0wp/vs (3.84)

where w,; is the ion plasma frequency. The condition for the instability is given
from equations (2.33) and (2.35¢) as —Re (ao) > eowpi/vi, at Im (o) = 0, for
o 7= 0; or, explicitly,

2
~-%i 50 (3.85)

v,

wpazkoz (o.u*k-vi _ 1)
V¢k2 k04D,2
When E,, is the ambipolar field, equation (3.85) reduces to the condition of the
collisional helical instability as derived by Kadomtsev [1965]. Because the
ambipolar electric field has a stabilizing effect (k,vg, < 0), the instability con-
dition, equation 3.85, is satisfied only in the presence of Eo.. However, an insta-
bility is possible even in the absence of Ey,, if Eo, is applied externally. The
related instabilities have been discussed by Buneman [1963] and by Sato and
Hatta [1966] and are applied to the ionosphere by Tsuda et al. [1966].
Next, we consider a relatively higher frequency region: o > »; > wy, but
o < wy, where the ions constitute an inductive medium whose conductivity
is given by
Tent,;
= ——"pi
gy = © + ir; (3.86)
If o < wp, we can still use the quasi-neutral assumption, where o; contributes
to the passive conductivity o,. Because o, is now inductive (not resistive), either
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‘drift’ or a ‘density gradient’ is sufficient to cause an instability. Let us first
consider the effect of the density gradient and assume that there exists no elec-
tron drift parallel to By. The instability condition is obtained similarly

ﬂi#-Boz %

T+ pp B2 > ke, (3.87)
where ¢, is the ion sound velocity [= (mevrs2/mi)1/2]. The related instabilities
have been discussed by Moiseev and Sagdeev [1963].

We next consider the effect of drift alone. We neglect the density gradient
and instead introduce a uniform electric field E, in the zz plane. The condition
of instability is then

—u.(Eok, + Eo.k,/uBo) > (k. + k), (3.88)

Equation 3.88 represents the instability condition of an ion sound wave in a
collisional plasma, in contrast to equation 3.18 for a collisionless plasma. It is
interesting to note that in both cases the instability condition is given by
vy (= electron drift speed) > c,.

3.8. Coordinate Space Instabilities

In this section we consider plasma instabilities for which a nonuniformity
of the plasma distribution in space is necessary. We consider instabilities in which
the driving free-energy source is entirely in the nonuniformity itself (often called
universal instabilities because a plasma of a finite size is subject to this effect), as
well as those in which the free energy is in some other agency, but requires the
nonuniformity to convert it into driving energy for the instability.

One aspect of an instability of this kind has been shown in subsection 3.1e,
where a density gradient is shown to produce a wave called the drift wave, whose
frequency is given by o* = «k v1?/w.

82a. Drift-wave instabilities. In the presence of a density gradient, the
equilibrium Vlasov equation for a particle with charge g and mass m takes the
form

oo g Lo _
\ir + - (v xB,) v = 0 (3.89)
As shown in Figure 7, we take the density gradient in the negative z direction

(density decreases in the positive x direction). Then the general soluton of equa-
tion 3.88 can be written as

fo(v, @) = fou(vs, ”ll)g(x + ;v‘f) (3.90)

where the function g represents the space-dependent part of the distribution
function. We assume the following form for g:

g(:v + a—’:—) =1~ x(x + :7) (3.91)
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where « is the measure of the density gradient defined in equation 3.78.* If we
assume an electrostatic perturbation, the perturbed distribution function f; obeys
the following linearized Vlasov equation:

oh o L 0h L g .a_ﬁ_i(ifﬂ.%_@%)
at T Vo T O*B) oy = \ov ox — w, oy (3.92)

One can integrate equation 3.92 in the same manner as before. In particular when
fov 18 given by a Maxwellian distribution

fﬂv(v).: (21'_1) )l/2¢exp( 2:; ) (3°93)

the corresponding electron and ion conductivities can be expressed using equa-
tions 3.7 and 2.30 [Hasegawa, 1968] :

_ ey, © = w* ( w )]
o= St £ roord 1+ g daptn)] eo

n=—c0

_ 'Lwenw,,; a w + w* ( w )]
7T Z L.(\Je Z|:1 + (2)1/2kllv’."i z (2)1/2kuvm (3.95a)

Fvr® =

where Z is the plasma dispersion function defined in equation 3.29, I,, is the
modified Bessel function of the nth order, and the argument of I, is

_ k_v_)
\ = ( o, (3.96)
The drift-wave frequencies w.* and «* have been defined in equation (3.81a).

When we consider a low frequency (o ~ w.* < ) and long wavelength
(re € 1) range, the electron conductivity simplifies to

— fweny, — w,* w '
k.. I:l + (2)1/2]911”7'. Z((z)l/zku”n)] (3.94)
Because Im Z > 0, Re o, becomes negative for o < w.*. That is, for o less than
the diamagnetic drift-wave frequency, the electron conductivity becomes active
(negatively dissipative). The effect is quite similar to the two-stream case dis-
cussed in subsection 3.1a¢ in that the Doppler-shifted wave undergoes inverse
Landau damping, if we replace k¢v, by o.*.

Instability occurs by the coupling between the negative dissipation produced
by the electrons and the ion drift wave. Because ion Landau damping contributes
to stabilization, instability is possible for a wave with parallel phase velocity
wo/ky much larger than the ion thermal speed, vy, For this range of parallel
phase velocity

T, =

1 Because fo > 0, x must be sufficiently small that g > 0. More specifically, |xvy/w.| < 1
for each species. The condition imposed on the value of x to make g > 0 can be eliminated by
considering a suitable WKB treatment [Mikhatlovsksi, 19671, in which case the expansion of
g shown in equation 3.91 is not needed. However, the results are identical to those of the
present approach provided k. >> «.
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X

v K &y KL vz, (3.97q)
. 2 % 1/2
ey, =t (T
g, = k2v“2 I:l + 1 k“v“ (2) ] (397b)
and
— 2 k
o; = —I:';;e:# [1 _ w_i_Tw‘ e—)\-Io()\')] (3.95b)

The dispersion relation can be written, by assuming quasi-neutrality condition
(i.e., neglecting the space dielectric constant)

g; + g, = 0 . (3'98)

From the imaginary part of equation 3.98 we can obtain the wave frequency o as
w = w.‘*e-)\‘Io()\;)

[1 4+ (T:/T)] — e Lo(N)

and the instability condition is obtained from Re o < 0 for » given by (3.99):

(3.99)

w*Y o\, T,
(1 + F)e Io(N\) — (1 + T_) <0 (3.100)
Since electrons and ions have the same density gradient «, w;*/w,* = T,/T.. Also
e MI,(\.) < 1 for a finite value of the ion cyclotron radius vr,/w..(\; # 0). Hence
the instability condition is always satisfied. This means that whenever a plasma
has a density gradient it becomes unstable for a wave whose parallel phase velocity
is between the thermal velocities of ions and electrons. For this reason it is called
the universal instability [M oiseev and Sagdeev, 1963].

When we apply this instability to the magnetosphere, we should be careful
about the following two points. First is the effect of finite 8. When 8 X me/m;,
parallel motion of the particles bends the magnetic field and excites shear Alfvén
wave. Then the above analysis must be modified to include the effect of the
coupled shear mode. This was done by Mikhailovskii [1967]. The result shows
that the condition of instability remains the same, but a condition arises that
gives a maximum growth rate for ky, i.e., ky va ~ (2)20c". When g is further
increased, the drift wave instability can be shown to be stabilized completely
when 8 > 0.13 by the ion Landau damping [Kadomtsev, 1965b].

The second point that is important in the magnetosphere is the effect of cold
electrons. If cold electrons whose density is ng. are mixed in, we have to add their
contribution to equation 3.98. The conductivity of the cold electrons o, can be
obtained from equation 3.27 by taking the limit as T-0

. w. 02 k||2 w. 02 kJ_z
g, = 1we :;2 =+ =" (3.101e)

B —w, kR

where w,, is the plasma frequency of the cold electrons. At o ~ 0;* K g the
second term can be shown to be negligible, and o, is given by
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o, ~ 7:0)60 —p%— -3 (3.101b)
w

Even for a relatively small density, o, is very large. Hence so is ¢, and adding
such a large o, to equation 3.98 completely changes the nature of the wave. This
is because of the low inertia of the cold electrons, which can thus short-circuit
the parallel electric field. If one works out the condition of the instability under
this circumstance, by requiring 2 real » solution from the real part of the disper-
sion relation, it is given by

Noe Te
No < T:

where n, is the hot plasma density and « is a number of the order of (m./m;)1/2
[Hasegawa, 1971b]. Equation 3.102 shows that the drift-wave instability pro-
duced by a hot plasma is stabilized by a fractional mixture of cold electrons.

Hence we conclude that the occurrence of the drift-wave instability in the
magnetosphere is rather rare, either because of ion Landau damping for a high 8
situation, or the short-circuiting by cold electrons even for a low 8 situation.

Drift-wave instability of the compressional (magnetosonic) mode given by
the dispersion relation equation 3.61a may, however, be possible. In the case of the
compressional mode, the transit-time damping replaces the Landau damping of
the electrostatic mode discussed above. Because the transit-time damping is
proportional to B, the cold electrons do not contribute to the dispersion relation.
Besides, the effect is manifested in high 8 situations where the electrostatic drift
mode is stabilized. The drift-wave instability of this compressional mode has been
treated by Mikhailovskit and Fridman [1967] and by Hasegawa [1971c¢].

3.2b. Instability due to curved field lines: gravitational instability. When
the magnetic lines of force are not uniform, plasma trapped on such field lines
may become unstable. When the field lines are straight, the instability is closely
related to the one due to the nonuniformity in the plasma pressure shown in sub-
section 3.2a. Such a field configuration is inevitably a consequence of nonuniform-
ity in pressure if the plasma and field are in pressure equilibrium, i.e.

VI(B.’/2p) + nkT] = 0 (3.103)
The instability associated with this case has been treated by Krall and Rosen-
bluth [1963] and more recently by Mikhailovskii and Fridman [1967].

When the field lines are curved, the particles moving parallel to the field
lines see a centrifugal force. This force may produce an instability for the outer
boundary of the plasma where the density decreases radially. This is equivalent
to the gravitational instability of a heavy fluid on top of a light fluid, if we
equate the centrifugal force with gravity. In the plasma, the instability is often
called the flute instability because the most unstable mode has a flute-like
perturbation, propagating perpendicular to the magnetic field (a field-aligned
perturbation) [Rosenbluth and Longmire, 1957].

Let us consider a plasma with a similar geometry to that shown in Figure 7.
We take the gravitational field g (which simulates the centrifugal force due to the
particle motion parallel to the curved field lines) to be in the positive z direction,

a (3.102)
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which corresponds to the direction of decreasing plasma density, i.e.
g-Vn, <0 (3.104)

We assume the plasma to be cold and eollisionless and ignore de electric
fields. Now let us consider an electrostatic perturbation that propagates in the
v, z plane. The linearized equation of motion for ions takes the form

— iV, = mi (—ik,o + Vi, xBy) (3.105)
where
o = o+ k, (3.106)
-+ Fug
Weg

and k_l_ = ky, k“ == kz
Solving equation 3.105 for & K wg

.Bo ka_ w'

Vip = 1 Boz Y — Bow.s ko (3.107)
Substituting this expression into the linearized equation of continuity, we have
m) _ [k o e (’_cﬁ _ kl’)]
(no)ion B ¢|:Bow’ + m; w’2 wciz (3.1080’)
where
_ dlnn,
kK= a2 >0

For electrons, because the gravitational force produces little drift (smaller by the
mass ratio than that of the ions, although the electron drift can become com-
parable to the drift of the ions if centrifugal force is used), we have

2
(%:) - ¢(gi0; - mi@w“;) (3.1088)

The dispersion relation is obtained by assuming quasi-neutrality (ignoring the
vacuum dielectric constant) as

e (1 l) R (&m)’
k_l_ ((.0 + k_]_g/(.l)ﬁ ) =1 m, kJ_w (3.109)

Now if we assume an ideal flute mode such that ky; = 0, the unstable solution is
easily obtained by assuming 3> k; g/ws and expanding the first term of the
left-hand side of expression 3.109 in powers of &, g/ (wxw) as

o +gk=0 (3.110a)
or

w = +i(g)*”? (3.1100)
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Equation 3.110a, b corresponds to the growth rate of the classical gravitational
instability.

However, unlike classical fluids, the anisotropic nature of the plasma con-
ductivity produces an interesting stabilization effect if k, =~ 0. For example, as in
the case of magnetospheric plasma, if the field lines are connected to a conduec-
tive region perpendicular to themselves (the ionosphere), the charge separation
perpendicular to the field lines that drives the instability is short-circuited by the
large electron conductivity in the parallel direction in a way similar to the case of
the drift-wave instability. This effect is represented by the second term on the
right-hand side of expression 3.109. One can see from the previous argument that
the unstable solution disappears when the right-hand side changes its sign. The
stability condition then is obtained roughly as

1/2 1/2
kkf > (%) —(“’;‘2’_ (3.111)

Equation 3.111 shows that only a perturbation having small perpendicular wave-
length (large k) grows under such circumstances.

On the other hand, it is known that the gravitational instability is sta-
bilized for a short perpendicular wavelength compared to the ion eyclotron radius
[Lehnert, 1961] because of the neutralization of charge separation due to the
finite size of the ion cyclotron radius. The stabilization condition due to this finite
cyclotron-radius effect can be obtained by using the Vlasov equation as in subsec-
tion 3.2a, including the gravitational force. The stabilization condition then reads

gre < (0%%/4 (3.112a)

where o;* is the ion drift-wave frequency. Using ¢ = T;/m;R where R is the
radius of the curvature of the field line, and T is the ion temperature in energy
units, equation 3.112a can be expressed also as

k%2 > 4/kR (3.112b)

where p;(= vri/vs) is the ion Larmor radius. Therefore, the gravitational insta-
bility is stabilized for a long wavelength perturbation by the short-circuiting of
electrons moving rapidly parallel to the field lines, and for a short wavelength
perturbation by the finite cyclotron radius effect of ions.

If one can assume a model in which the ionosphere is a perfect conductor
at a low frequency regime (o < ), one can see that by combining equations
3.111 and 3.112b, the gravitational instability is stabilized for a perturbation of
any size if

1/2
Rk, > 2(3—) (3.113)

The parallel wave number k&, is lower-bounded by = over twice the length of the
field line (~ =/LRg where L is the equatorial crossing distance in units of earth
radii, Rg). Thus k; > =/LR g, whereas the radius of curvature B ~ LRg/3. Hence
equation 3.113 is always satisfied. This result indicates that the magnetospheric
plasma may be stable against the gravitational instability. (In reality, however,
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because the cold electron density ny, is different from that of the hot proton den-
sity no, the right-hand side has to be multiplied by (n¢/no.) /2. Also note that we
have assumed that the ionosphere is a perfect conductor perpendicular to By.)

32c. Kelvin-Helmholtz instability. While the drift-wave instability arises
purely because of the nonuniformity of a plasma, the gravitational instability
oceurs because of the nonuniformity plus the gravitational field. The latter is
the analogy of the classical Rayleigh-Taylor instability. Another classical insta-
bility similar to this is the Kelvin-Helmholtz instability. This instability requires
nonuniformity plus a shear flow of fluid. Such an instability also occurs in a
plasma and may be applicable to the magnetospheric boundaries or the charged
layer in the aurora’s sheet.

Here we consider an example of the electrostatic Kelvin-Helmholtz insta-
bility produced by a shear flow due to an E (nonuniform) cross B, (uniform)
drift of a plasma. The nonuniform electric field is a consequence of a nonneutral,
charged sheet as shown in Figure 8. As an example, we take an electron sheet
with thickness 2q¢ placed with its surface parallel to the uniform magnetic field.
Because of the negative charge of electrons, a steady electric field is directed
toward the center of the sheet and produces a shear flow vo(x) (= Ey(z)/Bo)
having a valueat z = * ¢a

o(a) = vo (3.114)
vo(—a) = —v,

We will now consider the surface wave created by the surface charge if we have

an undulating boundary at x = = a. The surface wave is generated only by the

charges at the surface. The electrostatic-field equation is thus the Laplace equa-

tion for the electrostatic potential ¢y,

V¢, =0 (3.115)

meaning that the wave we consider is an incompressible mode. Equation 3.115
has a general solution for a two-dimensional system such as that shown in Figure
8, given by

o) ~ g BImen grhe (3.116a)

Hence we choose

(01(2? > a) = Aei(lcv-ml)e-kz
o(—a <z < a) = * (B + Ce™™) (3.116d)

¢1(x < _a) = Det'(kz—wt)ekz

Fig. 8. Negatively charged sheet in a2 magnetic

field B,. The nonuniform electric field in the

sheet generates a shear flow v, at £ = =a.

A perturbation at the surface gives rise to a

surface charge that leads to the Kelvin-Helm-
holtz instability.
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The boundary conditions at £ = =a are (1) the continuity of the tangential
electric field E, = 9¢1/0y and (2) the discontinuity of the normal electric field
by the amount of the surface charge p,, i.e.

%1  _ %o  _ _p@)

O |gmg + 0T |zog- € (3.117)
d¢, _ Oy _ _p(=9
0L |zopmg + 0 |gmsma— €

where p, can be obtained from the equation of continuity

ony

5t T V' uv +nv) =0 (3.118)

Following Buneman et al. [1966], we consider here a low-frequency perturbation
such that w << w,.. Then the perturbed velocity v, in equation 3.118 can be expressed
simply by

E, xB
v, = —IEH (3.119)
We consider an electrostatic perturbation, ¥V xE, = 0, hence from equation
3.119, V-v; = 0. Equation 3.118 then can be reduced to
T b v Vi = —¥,-Vn, (3.120)

By substituting equation 3.119 into equation 3.120 we have for the number-
density perturbation n;

ker 1 9m,
w F kv, By 9z

Now, if the charged sheet has a sharp boundary at £ = = a as assumed, ng(x)
has the form of a unit step function U (2), which may be written

m(+a) = (3.121)

no(x) = nlU(x + a) — U(x — a)] (3.122)
then
%%” = no[élx + a) — 5@z — a)] (3.123)

Hence, the surface charge density p, can be obtained from equations 3.121 and
3.123:

€ho ke,
Bo w F kvo
The dispersion relation can be obtained by applying boundary conditions that

are given by equation 3.117, and the continuity of ¢;, to the solution of the
Laplace equation (3.116b);

po(xa) = & (3.129)

40° 2kv, Y’ -
5= (1 — —”) — ot (3.125)

Wo Wo
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where

_ Mo _ @)
T By w.

The dispersion relation derived here has an identical form to the one for an
incompressible fluid [Chandrasekhar, 1961]. The instability occurs when the

right-hand side of equation 3.125 is negative, or for the wave number %k satis-
fying

Wo

%ka < 1.3 (3.126)

Therefore, the instability occurs when the wavelength in the direction of the shear
flow is comparable to or longer than 27 times the width of the charged sheet 2a.
The consequence of the instability is the deformation of the sheet into periodic
curls [Hallinan and Davis, 1971] around the magnetic lines of force. Since the insta-
bility of a charged sheet grows for the wave propagating in the direction of the
shear flow, for an electron sheet the curls produced by the instability will be in the
clockwise direction looking in the direction of the magnetic field. On the other hand,
for a sheet of positive ions, although the direction of the shear flow is given by the
same formula, E xB, the direction of E is reversed; hence so is the direction of the
curls. For either case, the curls are formed in the direction of the cyclotron motion
of the particles (see subsection 4.3).

The Kelvin-Helmholtz instability, which may be applicable to the magneto-
spheric boundaries, has a different character, although in principle the instability
is the same kind. In the case of the magnetospheric boundary, one has to con-
sider two plasmas with different flow velocity that are in contact at a surface
parallel to the flow. The excited mode is the Alfvén wave. Here I do not introduce
the details of this case but suggest references [Boller and Stolov, 1970; Sen, 1965;
Southwood, 1968; Talwar, 1964].

3.2d. Instabilities of current pinch. In this subsection, we consider insta-
bilities driven by a current in a plasma of finite cross section. As we have seen in
subsection 3.1a, a current produces a two-stream instability even in a uniform
plasma. In that case, the threshold velocity of the electrons was given by the
ion sound velocity. For a current in a plasma with a finite cross section, extra
free energy is available from the nonuniformity in space; therefore the threshold
of the instability can become lower. One such example was shown in subsection
3.1e for the electrostatic mode in a collisional plasma.

First let us consider a plasma with circular cross section. Three kinds of
deformation of such a circular pinch are considered in Figure 9. The first case,
case @, is called sausage-type instability. The azimuthal magnetic field Bys pro-
duced by the current I, becomes stronger at the neck point because By ~
polo/2xr; hence the perturbation tends to grow. The threshold condition for the
instability is obtained as follows. For a shear mode, plasma moves with the
magnetic field; hence the total flux inside the plasma is constant

r’B,, = const (3.127a)

where By, is the axial magnetic field. The change in By, associated with the change
in radius 7 of the plasma column is then given by
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T I, / Io Io\ Bo

R >}/ Naw

a) SAUSAGE b) KINK ¢) HELICAL
Fig. 9. Various shapes of instabilities of cylindrical current
pinches.
2d
6Bu, = =B~ (3.1270)

On the other hand, the associated change in the azimuthal magnetic field Bys is
given by

5By = —Bog% (3.128)
because the current I, is constant. The total change of the magnetic-field pressure
directed inward is then

= o5 B)

2#0 2#0
(BO,’ 23.,,2) dr

(3.129)

The instability condition is simply that the change in the magnetic pressure
associated with an increase of radius dr is negative. Thus the pinch is unstable
against the sausage-type perturbation when

By® > 2B,,? (3.130)

The stability condition for the kink-type perturbation shown in Figure 9b
can be obtained in the same way, and the condition of the instability for such a
case becomes

By’ In (%) > B,,’ (3.131)

where L and a are the length and the radius, respectively, of the current pinch.
In the magnetosphere, field-aligned currents have often been observed during
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substorm times [e.g., Zmuda et al., 1966; Cummings and Dessler, 1967; Cloutier
et al., 1970]. However, the maximum horizontal field Bos produced by this cur-
rent is of the order of 10® y(y = 105 gauss), which is less than one-tenth of the
geomagnetic field By,. Therefore, the instabilities of type a and b discussed above
are unlikely to occur.

However, the instability of type ¢ in Figure 9, the helical type (also called
kink instability) is quite likely to occur because of the much lower threshold.
The threshold condition of the helical-type instability will be shown later to be

By > 2%“30. (3.1320)

While the instabilities of type ¢ and b are primarily due to the-pinch effect (com-
pressional effect) of the current-generated magnetic field, the type ¢ instability is
due to the tension of the field lines that are bent into a helical shape by the current.
When the tension of the bent field lines causes them to tend to straighten, the
current tends to deform them into a helical shape.

Let us derive here the condition of the instability, equation 3.132a, following
Kodomtsev [1966]. We assume that the plasma is collisionless and hence has an
infinite conductivity. In such a case the current flows only at the surface of the
column., Furthermore, we assume an incompressible perturbation (perturbation
corresponding to the shear Alfvén mode). Because we consider only a long-wave-
length and low-frequency perturbation, we can use MHD equations. If we assume
incompressibility, the density perturbation p, = 0 and the velocity perturbation
satisfy V+v, = 0; the necessary set of MHD equations for perturbed quantities
are given by

dv,

mMo W = J,xB, — Vp, (3.133)

V xB, = uw]: (3.134)
E,+vxB, =0 (3.1350a)
V xE, = —aa—]i‘ (3.136)

where we have used the same symbol identifications as before. In equation (3.133),
the term J, xB, is dropped because of the assumption that the de current is
concentrated only at the surface. The total derivative of v, in the same equation
has to be identified as equal to the partial derivative because the plasma as a whole
is not moving. Then if we use a displacement vector £ instead of the velocity v,
defined by

v, = 9¢/at (3.137)
equations 3.133 to 3.136 reduce to
2 2
(—wzm,no + B )g - —V[B B pl:l (3.138)
Ho Mo .

while from equations 3.135¢ and 3.136
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B = V x(§xB,) = (B,r V)& (3.139)

if V+& = 0 (incompressibility) and B, = const (J, = 0 inside the plasma). In
deriving equation 3.138, we assumed an e*** dependency on z (axial direction).
The boundary conditions needed for the problem can be obtained as follows. If
we write the external magnetic field and its perturbation by B,’ and B,° respec-
tively, the condition of total pressure balance gives

o+ 11+ 2—’1‘0 (B,’ + B)) = 5‘1‘—0 (B, + (B,)*] (3.140)

In our case the unperturbed pressure p, is constant in space and time, and hence
the perturbed pressure is zero because of the incompressibility. We evaluate
equation 3.140 at a displaced boundary at (r = 1, + ¥ = r, + £.1) to obtain the
boundary condition for the perturbed equations, where n is the normal vector at
the surface, and £, is the normal displacement. Expanding equation 3.140 into
powers of the perturbed quantities and retaining linear terms, we obtain one of the
boundary conditions

Bo'Bl _ BO’.BI. | I:a(Bo‘)2 _ &02]

Mo Ho 2_#0 an on

(3.141)

The second boundary condition is obtained from the vanishing tangential
component, of the electric field seen by the plasma because of the assumed perfect
conduetivity of the plasma, that is

E;: + (m:xB,%), =0 (3.142q)

where subscript ¢ indicates the tangential components. Using equations 3.136 and
3.137, the above expression can be reduced to

n-B," = n-V x (£ xB,") (3.142b)

Now let us solve equation 3.138, subject to the boundary conditions given by
equations 3.141 and 3.142b, for a plasma column of a circular cross section with
radius a. If we take the divergence of equation 3.138, because we assume an incom-
pressible perturbation, V£ = 0, and noting that p, = 0

vz(B'—B") ~0 (3.143)
Mo
which ean readily be solved, and
B-B, _ .In(kr) i (nf+ke)
w o ATk (8.144)

where I, is the modified Bessell function of the first kind and A is the integration
constant designating the value of B-B,/u, at r = a. The radial displacement £, can
be obtained by substituting equation (3.144) into (3.138)

1 (kr)
I, (ka)

Outside the plasma, we have V xB,* = 0, as well as V-B,* = 0; hence B, can be
expressed by V¥, where V¢ = 0. The solution of ¥ bound at infinity is

_ ﬂok
Er(r) o wzm,no - szoz A

(3.145)



746 ' AKIRA HASEGAWA

_ CK.,(kr)
¥ = K.(ka)

where K, is the modified Bessell function of the second kind, and C is the integration
constant.

Now we use the boundary conditions. First we take the pressure balance
condition, equation 3.141. Outside the plasma, the unperturbed magnetic field B,’
has axial and azimuthal components B,,” and B,,°. Since B,,’ is assumed uniform,
while By," ~ 1/r

(3.146)

J . . .
or [(Bo:")* + (Bo')’] = —2[Boy*(@)]’/a
at the boundary r = a. Then equation 3.141 gives

=L (B +2Ba)c - B (3.147)

In a similar way, the other boundary condition, that of vanishing tangential elec-
tric field given by equation 3.142b, gives

(IcBo. +2 By’ )s,( ) = Ck 112((1]::)) (3.148)

Combining equations 3.145, 3.147, and 3.148, and eliminating ¢,.(a), 4, and C, we
obtain the following dispersion relation

* I/(ka)K.(ka) _ (Bos')’k L'(ka)
Lka)K, (ka) a I(ka)

For instability, the right-hand side has to give a negative value. The first and
the second term are positive because K,/K,” < 0, while 1,//I, > 0. Hence it is the
last term on the right-hand side that gives rise to an unstable solution. This
negative contribution originates from the fact that (8/8r) (Be:?) < 0; namely
that the external magnetic field pressure decreases against radial displacement
of the plasma column.

For field-aligned currents in the magnetosphere, we can assume By,? 2> Bgg®.
In this case a long wavelength perturbation characterized by ke < 1 can lead to
an unstable solution. At small ka, I,//I, = n/ka, K,//K, = — n/ka; thus the
dispersion relation reduces to

I.lom,'nowz = szgz - (kBo,‘ +%Bop.) (3.149a)

2 2
pom,nge = k’By* + (kBo,° + %Boo') - n(lz—";) (3.149b)

One can see from equation 3.149b that a perturbation of the azimuthal mode
with n = 1 is unstable (helical perturbation), and the condition of instability
can be found as |k| > Bog/a By, or

By _ 27a

B, > 7, (3.1320)

the form presented before.
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We now shift our interest to the pinch of an #nfinitely extended sheet current.
In this case none of the above instabilities for ¢ylindrical pinches is known to occur
because all of those instabilities originate from radially decreasing magnetic field
pressure, whereas in the case of a sheet current the external magnetic field generated
by the current remains constant. We will now consider this problem in relation to
the instability of the neutral sheet in the magnetospheric tail.

That a neutral sheet is subject to instability was first pointed out by Dungey
[1958] and elaborated later by Furth et al. [1963]. The instability is called the
tearing mode instability. Consider a sheet current that is infinitely extended in
the yz plane and flowing in the y direction as shown in Figure 10. Such a current is
sandwiched by the self-generated magnetic field in the z direction that pinches the
current to an equilibrium size. One can assume a perturbation in the current J,
and the magnetic field B, but can show that they produce a stably propagating
wave if the plasma is assumed to be a perfect conductor. Only when the plasma hag
a finite resistivity does the instability set up. In this sense, the mechanism of the
instability differs econsiderably from the instabilities of a c¢ylindrical pinch. To show
how the finite resistivity produces the instability, we rewrite one of the MHD
equations, equation 3.135a, including the effect of finite resistivity, i.e.

Bl + v, xBo - 7]11 =0 (3.135b)

where 7 is the plasma resistivity in ohm meters. From this expression we can see
that the effect of finite resistivity becomes important at the neutral layer at z ~ 0,
where the z-directed magnetic field B, ~ 0. On the other hand, at distances suffi-
ciently far from the neutral layer, the v xB term can dominate, and the plasma
can be regarded as lossless. To understand the physical process of the instability,
we hence choose a simple model in which the current layer is divided into two
regions, that of resistivity at |¢| < ¢ and that of no resistivity at a > |z| > e.

Let us first consider the dynamics in the resistive region, |z| < e In this
region E;, may be expressed as nJ, from equation 3.135a. Then using Maxwell’s
equations 3.134 and 3.136, we have

8B, _ 1 o

3% VB, (3.150a)
Equation 3.150a represents simply the skin effect of the plasma. For an eigenfunc-
tion of a form e****, equation 3.150a gives a solution with a negative imaginary
part of w, indicating dissipation of wave energy and no instability. However, if
the field solution at |z| > e allows a solution, through boundary conditions, such

/\—/"-_f Fig. 10. Coordinate system used in derivation

of instability condition for sheet current.

0@“

Iy
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that B, ~ e*** at |z| < ¢, a positive imaginary  solution results. Anticipating such a
case, we put, say for B, components, B,, ~ By (x)e’**"*, and equation 3.150a
becomes
@’B,,
dz’

which can immediately be solved and

_ (kz +2)g, =0 (3.1500)

1/2
B,, ~ A cosh (k’ + "—‘;") z (3.151)

We now consider the lossless region. From equations 3.135a¢ and 3.136 we can
express the 2 component of velocity perturbation by B,, as

ikvlzBo = 'YBlz (3.152)

where B, = B,(z) is the dc magnetic field produced by the sheet current.

Another equation that relates »,, and B,, can be obtained from equations 3.133
and 3.134; the pressure-gradient term is eliminated by taking the curl of equation
3.133. Assuming incompressibility, V-v, = 0, and using V+-B = 0, we can derive
the following equation

&B,. ( 2 Bo") _ = (ﬁ )(g_)
dz k4 B, B, = 5%,k \dz® -k 3 (8.153a)
which can further be reduced, for a small growth rate y? < k?v,2, to
d’B.. ( 2, B ') _
e B+ B, B,. =0 (3.153b)

where By” is the second derivative of By with respect to x. If B, is uniform so
that By” = 0, equation (3.153b) simply shows the electromagnetic cutoff mode in
space. However, for a nonuniform sheet current confined within |z| < a, By"/Bo
can be seen to become negative. Equation 3.153b then admits a sinusoidal solu-
tion for small k. For example, if we write Bo”/Bo ~ — A2 the equation becomes

2
ddi;z. (;3\1E _ k“)B,, -0 (3.1530)
or
1 1/2
B,, = Csin (F - k’) z (3.154)

If we now connect this solution at = e with By, obtained for |z| < e in equation
3.151, we can derive the growth rate y as

v = 1/¢po (3.155)

Although we cannot obtain an exact value of the growth rate from the
above expression because e is a quantity assumed in the derivation, we can under-
stand the mechanism of the instability from the above argument. The driving
foree of the instability is the nonuniform magnetic field such that By”/Bo, < 0.
The instability occurs for a wave length in the z direction longer than the thick-
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ness, ie, k < 1/A» ~ 1/a, and for a plasma with a finite resistivity 4. As a con-
sequence of the instability, z-type neutral points tear the sheet current into a
number of smaller segments. \

The magnetospheric tail ecan hardly be considered as ‘resistive’; therefore
one might conclude that the tearing mode instability is not applicable there. How-
ever, if one takes into account the Landau damping caused by interactions
between waves and warm particles, the tearing mode may become possible [Coppi
et al., 1966; Hoh, 1966].

3.2e. Resonant wave-particle interactions. In this final subsection of chap-
ter 3, the nature of various wave-particle interactions and their relation to
resonant-type plasma instabilities are presented. Some of them are strictly
velocity-space effects, whereas others are coordinate-space effects. Hence they
are slightly off the general topics of this section.

The importance of the various resonant frequencies for a particle trapped
in the geomagnetic field has been discussed by Dungey [1964]. The linearized
Vlasov equation that represents the particles trapped in the geomagnetic field has
a form

oh oh . g Oh_ _4a 9o
ot + Vox + m(vao) v = "m [E, + vxB,] % (3.156)

As was mentioned in subsection 3.15, the Vlasov equation can be integrated
along the trajectory of the particle and

ho= =L [ E@) + v B L ar (3.157)

The unperturbed trajectory of a particle may be given by

2 ~u’t + bt + %; cos (w.t’ + ) (3.158)
for
2r(n + 1) > wt’ > 2mn
2r(m + 1) > wit’ > 2rm (3.159)

7
&' ~ 2= cos (wt! + 0) + L. (wat’ + 6")
Wy (27}
for t from — o to 27n/w, or from — « to 2mm/w; where m, n are integers. In
equations 3.154 and 3.155, v,’t’ represents the motion parallel to B, from the last
bounce at the mirror point, 9,¢ the gradient and curvature drifts (not the diamag-
netic drift) from the last periodie longitudinal revolution, »,’/w, cos (w.t’ -+ 6) the
periodic cyclotron motion, v,’/w, cos (w,t’ + 8') the periodic bounce motion, and
Pa/wa cos (wgt” + 8'') the periodic longitudinal (azimuthal) motion around the earth.
If one assumes the space-time dependence e*‘*"*~“*) and uses

es‘s con § ~ Z J”(z)e-'n(ﬂ-rlz)
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the integration over ¢ along the trajectory produces qualitatively the following
expression for f;:

o f Folo) dv = f Go(®) dv (3.160)

w—k“v“—klﬂd W — Mw, — Ny

where Fo(v) and G,(v) are functions of velocity. Note here that the eyclotron
frequency w, is not velocity-dependent, but that 9;, the bounce frequency w,, and
the longitudinal drift frequency w, are all velocity-dependent. When integration
over v is performed along the real » axis but below the poles as was shown in
subsections 3.1¢ and 3.1¢, this resonant denominator produces the imaginary part
of the dielectric constant. This represents the wave-resonant particle interaction.
Depending on the nature of Fy(v) or Go(v) at those resonant velocities, the direction
of the energy flow (from the particle to the wave or from the wave to the particle)
is decided. For example, we know already that from subsection 3.1a at w ~ kv, or
from subsection 3.1¢ at o — lw. ~ kv; such a resonance occurs. From the above
expression, there are additional resonances at w ~ k,9;, o ~ mw,, and o ~ nw,
that can in the same way contribute to produce resonant wave particle interactions.
Note, however, that these resonances occur when a wave with a frequency o is
given a priori. Then particles whose velocity or energy agrees with the resonant
conditions can exchange energy. This resonant condition does noi determine the
wave frequency itself (does not contribute to the real part of ¢). Only when the
particles are distributed very narrowly in energy does the resonant frequency
determine the wave frequency. Berk and Book [1969] have shown that if w, is
energy-independent (for example, a particle trapped in a parabolic electrostatic
potential well), then the pole produced by « = kv, (Landau damping) is canceled
by part of the contribution from the second integral in equation 3.160, and only
the (w — mw,) resonance remains to contribute to the real part of the dielectric
constant. The energy-independent bounce motion, because of its precise periodicity,
regenerates a wave that is at onee Landau-damped. Also, as in the case of cyclotron
waves, the bounce motion produces waves at multiples of the bounce frequency.
However, in general, this does not apply for bounce motion in the magnetic field
because w, is energy-dependent. It is shown also by Berk and Pearlstein [1971] that
when the spread in w, due to the energy spread of the particles is larger than the
average w, itself (i.e., if (w,?) > (w;)?), the regeneration does not occur and m{w,) no
Ionger contributes to the wave frequeney through the real part of the dielectric
constant. (A. Hasegawa and K. Nishihara have prepared data on instabilities
associated with the bouncing particles in a magnetic mirror for publication in 1971.)

Finally note that the diamagnetic drift-wave frequency »* does not appear in
the resonant denominator. This is because the diamagnetic drift is not the real
drift of a particle. On the other hand, because the diamagnetic current does collec-
tively contribute to the wave, w* determines the wave frequency (contributes to
the real part of ¢) and produces a new mode (drift wave).

3.3. Summary

A number of instabilities have been introduced in this part. To avoid pos-
gible confusion, we summarize here briefly the nature of those instabilities
presented.
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[3.1a] Electrostatic instabilities due to two-humped velocity distributions:
k “ Bo V xEl = 0

Necessary conditions for instability:

9o >0 for W~ w,
av
v, > c, for @ < w,

[3.10] Electrostatic instabilities due to anisotropic velocity distributions:
k; arbitrary direction, V xE, = 0

Necessary conditions for instability:

or forev ~ 1 o,

[3.1c] Electromagnetic instabilities due to anisotropic velocity distributions:
k|l B, V:E, =0

Necessary condition for instability:
Presence of current

w~w, or w~{(
or
TJ_ W,
T, > W, — W
[3.1d] Hydromagnetic instabilities due to anisotropic pressures:
k; arbitrary direction,
w <K we; kvr, K w,q V-E, #0 V xE, # 0
Hose instability:

1- Z 3B —B8) <0

species

Mirror instability:

1+ X BL( —&)<0

species BII

[3.1e] Instabilities in partially ionized plasmas:

k; arbitrary direction, f Woq VxE, =0
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Necessary condition for instability:
1. If w,,7: K1 E,:Vn, >0
2. Hwur.>1 w,* > kec, or k-vg > k-c,
[3.2¢] Drift-wave instabilities:
Vno-type electrostatic drift wave mode, w ~ w,*
Necessary conditions of instability:
vre > kin > vrs
Stabilization due to cold electrons or high g effect.
[3.2b] Gravitational (flute, interchange, or Rayleigh-Taylor) instability:
k1B, VXE =0
Necessary condition of instability:
g-Vn, <0 Imo « (gc)?

Stabilization due to cold electrons if field lines are tied to the ionosphere.

[8.2¢] Kelvin-Helmholtz instability: Only electrostatic (V xE; = 0) case
with X 1 B, is introduced, but electromagnetic case can also exist.
Necessary condition of instability:

2ka < 1.3
[3.2d] Instability of current pinch:
w~0 V:E =0

1. Cylindrical pinch
a. Sausage type:

Booz > 2-30:2

b. Kink type:
By’ In (%) > B,/
¢. Helical:
2
l’BOO > %aBo.

2. Sheet pinch
Tearing-mode instability:

7 #0 Nonuniform current
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B. REeviEw oF MAGNETOSPHERIC PrAsMA INSTABILITIES

4. STABILITY OF PLASMAS IN VARIOUS PORTIONS IN THE
MAGNETOSPHERE
In this chapter, we review papers published on the stability of plasmas in
various portions of the magnetosphere and its periphery.

4.1. Stability of the Ring Current and Radiation Belt

4.1a. Coordinate space instabilities. The stability of the ring current (low-
energy particles) and the radiation belt (high-energy particles) has been a classic
subject in the magnetosphere since their discoveries. The questions raised here are
why is the magnetospheric plasma so stable, and under what conditions may it
become unstable? These are opposite the questions we ask of most laboratory
devices. We divide the question into two groups by the nature of the possible
instabilities, those in coordinate space or those in their velocity space. Because of
its relatively large particle density, the ring-current particles, with an average
energy of around 10 kev, act collectively. On the other hand, the radiation-belt
particles, with energies of Mev, act more or less as a group of noninteracting single
particles. Therefore, while the former group requires a self-consistent treatment,
the latter does not, and a calculation of their wave-particle resonance with the
wave carried by other groups of particles may be sufficient. This also means that
the radiation belt particles may be mostly subject to velocity-space instabilities.

That the magnetospheric plasma is subject to the gravitational instability
subsection 3.2b was first pointed out by Gold [1962] and Azford and Hines
[1961]. It is called the interchange instability because the gravitational insta-
bility for plasmas in curved field lines causes interchange of the flux tubes (cf.
Figure 11). The theory has been developed by Sonnerup and Laird [1963], who
used MHD-type fluid assumptions. They have considered isothermal and adia-
batic interchange of flux tubes, and concluded that the plasma is stable for
isothermal interchange (no change in temperature during the interchange) but
may be unstable for adiabatic interchange (no change in heat during the inter-
change) if the energy in the tubes of force decreases radially more rapidly than
r+(r1), where vy is the ratio of specific heats at constant pressure and constant

FOOT OF ,
THE TUBE A
B
¢
S ]
EARTH
AFTER THE INTERCHANGE
INSULATING Fig. 11. Interchange of tubes of force of equal mag-
ATMOSPHERE netic flux in the earth’s magnetosphere (after Son-

BEFORE THE INTERCHANGE nerup and Laird [1963]).
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volume. y depends on the pitch-angle distribution, but on the average it takes a
value ~5/3, leading to the critical radial decrease of energy of r#/3.

However, as was pointed out in subsection 3.2b, if the line of force is con-
nected to a conductor, there exists a strong stabilizing effect. The ionosphere,
though it is not a perfect conductor, can serve to short-circuit the charge separa-
tion needed to allow such interchange. Chang et al. [1965, 1966] have considered
the effect of the ionosphere on the interchange instability using a phase-space
treatment to overcome the difficulty of the MHD approximation in relation to
the parallel electric field, and concluded that if adiabatic interchange is assumed,
the critical radial dependence of the energy becomes 7. However, if the condi-
tion of adiabaticity is violated by a wave-particle resonance (such as mentioned
in subsection 3.2¢), the sufficient condition for stability is shown to be, considering

the ionospheric conductivity,
ArYy mn;
—_ ==
(RE) I n, = 0.3 4.1

where Ar ~ 50 km, Rr (= earth’s radius) ~6,300 km, m is the azimuthal mode
number (integer), L is the radial distance in units of earth radii, n; is the iono-
spheric plasma density, and n, is the proton density of the ring current. They
concluded that the stability condition can be easily satisfied for the day side
because of larger n;, but may be marginal for the night side. Furthermore, as was
pointed out in subsection 3.2b, stability is achieved if a fractional amount of cold
electrons are intermixed. We thus conclude that the ring-current particles are
very likely to be stable against the gravitational (interchange) instability.

Swift [1967a], taking the result of Chang et al., has pointed out that the
interchange instability of the ring current may be responsible for auroral breakup.
Although the energy gradient tends to become larger during the compressed
state of the ring current, because of the arguments presented above, it is still
rather unlikely that the instability can take place. In addition, the position of
the ring current during storm time is compressed too far inward for it to be
projected down to the auroral latitude.

Application of the drift-wave instability (subsection 3.2a) to the ring-
current plasma has been considered by D’Angelo [1969]. However, as was men-
tioned in subsection 3.2a, because of the ion Landau damping in the high g
plasma, as well as the cold electron short-circuiting, the instability is rather
unlikely, except possibly at the plasmapause [Hasegawa, 1971b]. Chamberiain
[1963] and Liu [1970] have considered the drift wave instability including the
effect of gradient and curvature drifts. Usually, however, these instabilities have
very small growth rates and may not be of much importance. Liu considered an
electrostatic mode, whereas Chamberlain considered a noncompressional electro-
magnetic mode. However, as was shown by Mikhailovskit and Fridman [1967],
the compressional electromagnetic mode may produce an important contribution
to the instability of a high g plasma with a larger gradient in temperature than
in density.

We again conclude that the ring-current plasma is stable against most of
the driftmode instabilities, except possibly that of the compressional (mag-
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netosonic) mode because this is the only mode that is excited in a high 8 plasma
and that is not affected by cold electrons.

4.1b.  Velocity space instabilities. In section 4.1, it was concluded that the
ring-current plasma is very likely stable against coordinate-space instabilities.
Hence the loss of those particles has to be produced by some other mechanism.
We consider here the possibility of velocity-space instability. Whereas the coordi-
nate-space instability, if it occurs, tends to directly smooth out the plasma non-
uniformity, the velocity-space instability causes diffusion only in velocity space.
However, it produces a pitch-angle scattering, and thus can also serve indirectly
as a loss mechanism for the plasma.

That the electrons in the radiation belt may be subject to the cyclotron-
wave instability because of their anisotropic pitch-angle distribution (subsection
3.1c) was first pointed out by Brice [1963]. The idea has been developed by
Kennel and Petschel [1966] to calculate the limit of stably trapped particle
fluxes with respect to the cyclotron instabilities. Kennel and Petschek have solved
the velocity-space diffusion equation to obtain the anisotropy of the pitch-angle
distribution, by assuming the noise amplitude of a whistler wave. The anisotropy
of the pitech-angle distribution gives the growth rate of the whistler wave carried
by cold electrons (subsection 3.1¢). By assuming a suitable wave reflection at the
ionosphere, they calculated the amplitude of the whistler wave using the growth
rate obtained. Thus by matching the calculated amplitude with the originally
agsumed whistler amplitude, they could solve the chain of quasi-linear equations
and obtain the stably trapped limit of electron flux (cf. Figure 12).

The relations needed to calculate the energy of the resonant particles have
been obtained in their paper. The resonant condition for the cyclotron wave is
given by

0 — w, = kv, 4.2)

which applies for both electrons and protons by choosing the respective cyclotron
frequencies w,. The energy of the resonant particles B, =mv%2/2 may then be
expressed, using the dispersion relation of cold-electron- and proton-cyclotron
waves (equations 3.48 and 3.49) with f = §(v), as

3
ERe=EB‘h(1_ w)

w Wee

w-2 wa
B =52 (1 - 2)

where Ep[= Bo?/(2mne.)] is the magnetic field energy per particle of cold
plasma that carries the wave. Furthermore, the ratio o/o. can be expressed in
terms of the anisotropy of the temperature of the resonating hot component
(radiation-belt particles) from equation 3.5%a

4.3)

@ _ Ty
W, - TJ_
If we substitute equation 3.59b into equation 4.3, we can express the energy of
the resonating (hot) plasma in terms of the anisotropy of temperature as

1 — (3.59b)
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Fig. 12. Limitation on trapped electrons >40 kev as calculated by whistler-
wave turbulence (after -Kennel and Petschek [1966]).
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_ g, @/

Er, = Es 7 —! To/T, (4.4)
g @JTY

o =B 0 20 /1y @5

Now Ep, in units of ev, can be expressed in terms of the magnetie-flux den-
sity By in y and the cold electron density ng, in em3

_ Bo2('7)
Es(ev) = 0 zne.(em™) (4.6)

Thus, say, for By ~ 200 vy, ng, = 1 em3, E is 100 kev. Therefore, for this example,
if the anisotropy, T',/T |, is 0.8, 500-kev electrons and 2500-kev protons resonate
with the wave, lose energy, and precipitate through the pitch-angle diffusion.

However, one can see from expression 4.6 that the energy of resonant hot
particles can be significantly reduced if no, is increased, say, by a factor of 102
This occurs inside the plasmapause, leading to the expectation that an anomalous
loss of particles inside the plasmapause may occur. Cornwall et al. [1970] calcu-
lated such an effect and showed a good agreement with observation. N. Brice
(unpublished data, 1971) proposed an interesting experiment of producing an
artificial enhancement of energetic-particle precipitation through injection of cold
plasma, based on the dependence shown in equation 4.6.

Recently a good correlation between the whistler noise level and the particle-
precipitation rate has been observed by A. L. Vampola, H. C. Koons, and D. A.
MecPherson (unpublished data, 1971) and Oliven and Gurnett [1968], which gives
evidence for a loss mechanism due to the cyclotron instability.

Haerendel [1971] extended the calculation of Kennel and Petschek to obtain
the limiting flux of protons. Thorne [1968] considered an obliquely propagating
whistler wave in which the Landau pole (o = kv, resonance) contribution
becomes important. As was discussed for the electrostatic case (subsection 3.1a),
9fo/0v must be positive at the Landau resonant velocity vy = o/k; in order to
have Re ¢ < 0, rather than the anisotropy needed for the cyclotron-resonant
velocity. Thorne has shown that an unducted whistler propagating obliquely to
the magnetic field may be amplified by the secondary peak (8f,/dv > 0) in the
energy distribution around 10 kev. Bird and Schmmidt [1969] have considered the
effect of loss-cone distribution and two-humped energy distribution on whistler-
wave instabilities, but they concluded that these effects are not significant.

We conclude this section by saying that the cyclotron-wave instability serves
as an important loss mechanism for radiation-belt particles. However, because
a large anisotropy is required, this mechanism is less effective for ring-current
particles, except possibly inside the plasmapause.

In addition, scattering due to an electrostatic instability arising from
anisotropic temperatures (subsection 3.1d), which has not yet been considered,
may be important as loss mechanism for the ring current particles. (At the stage
of galley proof the author was informed of a work by Young et al. [1971].)

4.2.  Instability in the Auroral Region

Here we discuss instabilities that are characteristic of auroras within the
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auroral region. A general review of the role of plasma instabilities in auroral
dynamics has been presented in a recent paper [Hasegawa, 1971a]. Basically
two different physical contributions of plasma instabilities have been considered,
that which leads to the direct cause of auroral breakup and that which appears
in consequence of the highly nonequilibrium situation caused by the breakup.
Let us start with the former group.

Explanations of the auroral breakup using plasma instabilities have been
made by many authors. Coppi et al. [1966] considered the tearing-mode insta-
bility of the neutral sheet (subsection 3.2d). They pointed out that the accelera-
tion of plasma-sheet electrons due to the instability leads to energetic-electron
precipitation to produce the auroral breakup. We will discuss this instability in
section 4.4.

Chamberlain [1963], Swift [1967b], and D’Angelo [1969] have considered
drift-wave instabilities of various kinds in the ring-current particles as a direct
cause of the auroral breakup. However, as was discussed in section 4.1, there
are several severe difficulties in satisfying the instability condition. In addition
to these, Cornwall [1970] pointed out that a high-frequency velocity-space
instability that can very easily be generated in the auroral region produces a
large velocity-space diffusion, which stabilizes a low-frequency instability such
as the drift mode.

Observations of a large field-aligned current during substorms [Cloutier
et al., 1970; Cummings and Dessler, 1967; Zmuda et al., 1966] have led to a
speculation of current-generated instabilities. Hasegawa [1970b] has applied the
helical instability (subsection 3.2d) to the auroral sheet-current of aurora to
show that the curtain shape of the aurora may be the consequence of this insta-
bility. Swift [1965] has suspected occurrence of the electron-ion two-stream
instability (subsection 3.1a), which leads to an anomalous resistivity [Buneman,
1958] and the production of a large electric field parallel to the magnetic field.
Such an electric field is claimed to cause acceleration of electrons to tens of kev,
which could serve as a direct cause of auroral breakup.

However, the Swift theory has two difficulties. One is that the electric field
thus produced is directed in such a direction that the cold electrons that carried
the original current are accelerated. Because the cold electron reservoir is in the
ionosphere, the accelerated electrons should be directed upward along the field
lines, which is opposite to what is observed during auroral breakup. Another
difficulty is satisfying the instability condition. Because in the ionosphere T, ~
T, the threshold velocity of electrons for the electron-ion two-stream instability
is the electron thermal speed vy, (subsection 3.1a), rather than the ion sound
speed cg[= vre(me/m;)1/2]. Thus it requires a rather large current. In fact
Ossakow [1968] has shown that the condition of instability is marginal at the
upper ionosphere. In view of this fact, Kindel and Kennel [1971] looked at the
electrostatic ion-cyclotron instability produced by streaming electrons, and
showed a lower threshold. (Such an instability ecan be obtained by using the
dispersion relation for the electrostatic mode propagating obliquely to the mag-
netic field (equation 3.27) and by assuming suitable distribution functions for
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electrons and protons.) However, there still remains the difficulty, mentioned
above, of the direction of the electric field.

We conclude that attempts at an explanation of auroral breakup using plasma
instabilities have not yet been successful.

Now the fact that energetic-particle precipitation exists during the auroral
breakup leads us to suspect that instabilities may be produced by those particles.
Nishida [1964] considered the excitation of the shear Alfvén mode by precipitat-
ing electrons (subsection 3.1¢) to explain micropulsations associated with auroral
breakup. Cornwall [1965] considered similar excitation by precipitating protons
to explain emissions in the ULF to VLF frequency ranges. Coronitt and Kennel
1970b] considered the drift wave mode (subsection 3.2a) excited by the large
temperature gradient at the inner edge of the plasma sheet, to explain micro-
pulsations in auroras having periods of 5-15 seconds.

Perkins [1968] has considered an electrostatic instability propagating ob-
liquely to the magnetic field, produced by a monoenergetic electron distribution in
a cold plasma background. He claims that stochastic acceleration by this mode
can easily produce 10-kev electrons.

Quite uniquely, Hallinan and Davis [1971] have attributed curls of approxi-
mately 10-km size, produced in the aurora sheet, to the Kelvin-Helmholtz insta-
bility as discussed in subsection 3.2¢, and concluded from the direction of the
cur! formation that the sheet is electron-rich (ef. Figure 13).

That the auroral striation could be a consequence on the E xB instability
(subsection 3.1¢) has been suspected by Linson in the context of a paper on plasma-
cloud instability [Linson and Workman, 1970]. We conclude that phenomena that
accompany the aurora may have relevant explanations in terms of plasma insta-
bilities.

4.3. Instability of Magnetospheric Tail

As was shown in subsection 3.2d, an infinitely extended sheet-current pinch
becomes unstable for a long wavelength perturbation (1 > a, where a is the thick-
ness of the current sheet) when, and only when, a finite resistivity exists in the
current. The instability is called the tearing-mode instability, and the sheet cur-
rent is torn into a number of segments by the magnetic field, as shown in Figure
14. When one applies the instability to the neutral sheet in the magnetospheric
tail, the immediate difficulty is the finite resistivity needed for the instability.
Hoh [1966a] has shown that electron Landau damping can contribute to the
resistivity, and that the instability can occur in the absence of eollisional resis-
tivity. Coppt et al. [1966], using the same idea, have explicitly calculated the
growth time (time needed to exponentiate the perturbation) for the parameters
in the actual magnetospheric tail and have shown that it is of the order of 10
seconds.

However, two difficulties in this idea have been pointed out by Laval and
Pellat [1968] and by Hoh and Bers [1966]. According to Laval and Pellat, the
instability is stabilized when the anisotropy in temperature is taken into account.
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Fig. 13. Observation of Kelvin-Helmholtz instability in an auroral sheet (after Hallinan and
Daqurs [19711).
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T Fig. 14. Tearing-mode instability of the neutral sheet
20 in the magnetospheric tail.

That is, the collisionless tearing mode is stable when

_I. g p
T, ” 4 4.7

where p, is the electron cyclotron radius. Because p./a¢ < 1, equation 4.7 implies
that the mode is stable essentially when 7' < T',. Hoh and Bers have calculated
the number of electrons that contribute to the resonant interaction through
Landau damping and, by considering the resultant source of free energy, they
have obtained the maximum amplitude of the field perturbations. For a reason-
able choice of parameters, they have shown that the maximum amplitude of the
magnetic-field perturbation produced by the instability is of the order of or
smaller than 0.5 y, which is much smaller than the average tail field (~15 ).

In view of these arguments, the use of the collisionless tearing-mode insta-
bility for gross tail dynamics, or to cause magnetic substorms, seems rather dif-
ficult. However, as was mentioned by Brice [1970], if the current in the neutral
sheet becomes so large that a two-stream-type velocity space instability occurs,
it will provide a large enough anomalous resistivity to dissipate field energy very
easily. Such an instability may very well trigger the tearing-mode instability.
This seems to be an extremely interesting proposal, especially because it may be
able to explain the explosive phase of the auroral substorm.

1

4-4. Instability in the Ionosphere

In a partially ionized plasma, because of the difference in w,r, where 7 is the
mean-free time, E, xB, drift can produce a two-stream situation between electrons
(wee, >> 1) and ions (w.;r; < 1) (subsection 3.1e). Buneman [1963] has shown that
an instability produced by two such streams can excite a field aligned sound wave
propagating in the E, xB, direction in the ionosphere. His idea has been extended
by Farley [1963] using the Vlasov equation to obtain the critical drift velocity, when
temperature effects are not negligible. He has shown that the threshold drift
velocity of the electrons is ~wvy, ~ 0.1vg,, if T; ~ T,. It is interesting to see that
the threshold can become lower than that of the ion sound-wave instability prop-
agating parallel to the magnetic field. This is primarily because ion Landau damping
is absent for wave propagation normal to the magnetic field.

As was mentioned in subsection 3.1e, if one combines the effects of a density
gradient V'n, and a de electric field E,, the instability condition can be more easily
satisfied if Eq+Vn, > 0. This is particularly important when electrons are not
collision-free and their drift velocity is smaller than the thermal velocity. Tsuda
and Sato (See T'suda et al. [1969] for previous references) have applied this idea
to explain equatorial E-layer irregularities. Reid [1969] has extended works by Tsuda
and Sato, including the altitude-variation of the neutral atmosphere as well as of
ionization, and has applied them to the F-region irregularities.
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Cunnold [1969] has shown that by considering only the effect of the density
gradient (drift-wave instability) the F-layer irregularity can be explained.

The existence of a de electric field, as well as a density gradient in electrons,
is a well-known fact. Other parameters such as number density, collision fre-
quency, and magnetic-field intensity, are also well-known. Thus if instability
condition using these parameters is satisfied, it is undeniable evidence. We con-
clude that the production of ionospheric irregularities is very likely the conse-
quence of those instabilities.

5. GENERATION OF WAVES AND PULSATIONS

We discuss here various mechanisms of wave generation by plasma insta-
bilities. We divide the chapter into four sections: instabilities of electron-cyclo-
tron waves, proton-cyclotron waves, other instabilities proposed for excitation of
pulsations, and wave generation in the magnetosphere. The first three apply to
pulsations and VLF emissions primarily observable on the ground, whereas the
last applies to waves in the magnetosphere observable only by satellites.

5.1. Ezxcitation of Electron-Cyclotron Waves (Whistlers)

That a whistler wave may be generated by a beam of particles was first
pointed out in a paper by Kimura [1961], in which he showed that the whistler
wave could be amplified by a proton beam (subsection 3.1¢). The idea of wave
generation by a beam has since become so popular that there has been a tendency
to attribute any wave observation to some kind of beam with a convenient energy.

As was shown in subsection 3.1¢, in an infinite medium the two-stream cyclo-
tron-wave instability occurs between different species. Namely, the electron-
cyclotron wave can be exeited only by the proton beam or vice versa. Bell and
Buneman [1964] have shown, however, that when the beam is gyrating, inter-
action between the same species may be possible; they gave as an example
whistler-wave amplification using a gyrating-electron beam.

The idea presented by Wetbel [1959], which predicts an unstable electro-
magnetic mode for anisotropic temperature, as discussed in subsection 3.1c, has
been picked up by Kennel [1966] to be applied as an additional cause of whistler
amplification. He also pointed out the importance of the Landau pole (0 = kjv,)
to the obliquely propagating whistlers and extended this idea to show the stabili-
zation of unducted whistlers due to the Landau damping by low-energy to thermal
electrons [Kennel and Thorne, 1967].

Very recently Lee and Crawford [1970] have pointed out that the cyclotron-
wave instability due to the anisotropic temperature is not always convective
(spatially amplifying) as was assumed by Kennel and Petschek [1966] in their
famous paper on calculation of the limiting fluxes.

Hruska [1966] and Liemohn [1968] considered the two-stream cyclotron-
wave instability including the effect of anisotropic temperature. Das [1967] dis-
cussed the effect of a loss-cone distribution on whistler-wave amplification.

In conclusion, whistler waves may be amplified by a proton beam, by a gyrat-
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ing-electron beam, or by the anisotropic temperature of electrons. When a wave
propagates obliquely with respect to the magnetic field, it can either be Landau-
damped or amplified, depending on the energy distribution of electrons in the
magnetic field direction.

6.2. Ezxcitation of Proton-Cyclotron and Alfvén Waves

As far as the nature of the instability is concerned, the excitation mechanism
of the proton-cyclotron mode is essentially the same as that of the electron-
cyclotron wave. The existence of an electron beam, a gyrating-proton beam, or
an anisotropic proton temperature, can cause the instability.

Observationally, however, the corresponding frequency lies naturally much
lower (~1 Hz or lower) than the whistler case. Jacobs and Higuchi [1969] solved
the dispersion relation of the plasma-to-hot-proton-beam interaction to obtain a
growing-wave solution in the Pec 1 range. Criswell [1969] discussed the morphol-
ogy of Pc 1 pulsations based on a similar instability. There are many other works
published on related problems. References can be found in the most recent papers
on this topic.

In addition to the interaction around the proton-cyclotron frequency, as was
shown in Figure 5, there is another frequency range where a beam can generate
an instability. This instability has such an interesting nature that the excited
wave has a frequency proportional to the unneutralized-charge density. In addi-
tion, the polarization of the wave depends on the sign of the excess charge; a left-
(right-) hand polarized wave is excited by an electron- (proton-) rich beam.

These instabilities have been applied by Nishida [1964] to explain irregular
magnetic micropulsations and by Kimura and Matsumoto [1968] to explain Pec 5
micropulsations.

5.3. Other Theories of Instability-Generated Pulsations

Although most of the theories of instability-generated pulsations are based
on excitations of a proton-cyclotron wave or an Alfvén wave by a beam or by
anisotropic temperature, there are some other examples. Swift published two
papers of this nature. One explains the long-period miecropulsations (~1-min
period) by an electrostatic drift wave instability [Swift, 1967b], such as the one
discussed in subsection 3.2a. As explained in this text, the electrostatic drift insta-
bility is rather unlikely to occur in the magnetosphere because of the ion Landau
damping in a high 8 situation, and because of cold-electron short-circuiting.
Besides, the theory as it stands is developed purely for electrostatic perturbations;
hence a coupling scheme to the electromagnetic mode must be worked out to com-
pare it with the observations of pulsations in the geomagnetic field.

The second paper applies the loss-cone instability found by Post and Rosen-
bluth [1966], to explain VLF chorus [Swift, 1968]. When there is a loss-cone
distribution (a distribution in which particles with pitch angles less than the loss-
cone angle are absent), the dielectric constant becomes active (Im ¢ < 0) for
waves propagating almost perpendicular to the magnetic field. Instability occurs
when this ion mode couples with the cold-electron dielectrie constant, and waves
of the ion Bernstein mode, at multiples of the proton-cyelotron frequency, are
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excited. The wave is stabilized, however, when the electron temperature is high
because of Landau damping.

Swift assumed a rather large loss-cone angle (45°) to show the possibility of
the instability. Since the excited wave is again electrostatic, a more careful study,
including realistic loss-cone distributions and coupling to the electromagnetic
mode, has to be made.

Coroniti and Kennel [1970a] consider modulations of the energetic-electron
precipitation by low-frequency micropulsations. Using an idealized model of
critical whistler-wave turbulence, they have shown that the precipitation modula-
tion depends exponentially on micropulsation amplitude, when the micropulsation
period is less than the electron-precipitation lifetime. This is primarily because
the growth rate of the whistler-wave instability due to anisotropic temperature is
proportional to By, as shown in equation 3.58. Hence if B,y changes slowly with
time, so does the growth rate v, and the preeipitation that has exponential depend-
ency on y (~e¥) is strongly modulated by a small change in B,.

5.4. Wave Generation in the Magnetosphere

Recent satellite measurements have made it possible to detect directly wave
phenomena in the deep magnetosphere [Brown et al., 1968; Dunckel and Hell:-
well, 1969; Gurnett et al., 1969; Russell and Holzer, 1970; Scarf et al., 1968, 1970;
Cummings et al., 1970].

These observations have revealed that, in addition to expected whistler-
related phenomena, there are low-frequency waves (period of a few minutes
[Russell and Holzer, 1970]), high-frequency waves (a few kHz [Scarf et al.,
1970]), and even electrostatic waves (a few kHz [Kennel, 1970]), which are con-
fined around equatorial regions in the magnetosphere.

Dungey and Southwood [1970] have tried to explain the low-frequency
waves by bouncing protons in the geomagnetic-mirror field. Kennel et al. [1970]
tried to explain the electrostatic mode in terms of the known electrostatic insta-
bility due to anisotropic temperature (subsection 3.1b). These wave phenomena
are quite intriguing, and many problems are yet unsolved. Careful theoretical
study should produce many fruitful results.

There is one rather clear example in which a plasma instability has caused
a wave phemonenon in both magnetic field and particle fluxes. This is the case
reported by Brown et al. [1968] and interpreted by the author [ Hasegawa, 1969a].
The observed oscillation is reproduced in Figure 15.

The observation was made by Explorer 26, which was located at 5.11 Ry
geocentric distance, 1400 LT, and latitude of 17°. From this figure can be seen (a)
a strong diamagnetic effect (indicating 8 ~ 1) starting at 6:15 and suddenly ter-
minating at 6:20, shown by point 4; (b) a large anisotropy of the proton fluxes
(81 > By); and (c) the start of large out-of-phase oscillations of the field and
the fluxes shortly after the point A.

The first two facts strongly indicate the occurrence of a mirror instability
(subsection 3.1d). When such an instability is set up, it can terminate a further
increase in anisotropy of the proton flux and trigger the succeeding oscillations.
In fact, by studying the proton data provided by L. Davis of GSFC, it was found
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Fig. 15. Observed variations of proton fluxes and geomagnetic field at ~5 Rg (after Brown
et al. [1968]).

that near point 4 in Figure 15, 8, /8y ~ 2 and 8, ~ 1, which satisfies the condi-
tion of instability shown in equation 3.72.

Because the mode causing the mirror instability is nonoscillatory (equation
3.70), other effects are required to explain the oscillations clearly observed
after 6:30. It is suggested that the oscillation is produced by coupling with the
drift wave created by the ion drift perpendicular to the magnetic field. This will
give rise to a real frequency w ~ k&, v4, where v; is the proton diamagnetic drift-
speed, and the perpendicular wave number k&, may be chosen to be wy/(v );, cor-
responding to its value for the maximum growth rate. Observed values of average
proton energy (~20 kev) and the magnetic-field strength (~200 v) give a fre-
quency that is in good agreement with the observed frequency.

6. CONCLUDING REMARKS

Various theories of plasma instabilities and their applications to magneto-
spheric dynamics have been presented. Possible instabilities that have been pro-
posed in the literature are summarized in Figure 16. Not all of these are realistic,
as has been discussed in chapters 4 and 5. We did not discuss the stability of the
magnetospheric boundaries, primarily because of the lack of equilibrium there
[Lerche, 1967; Parker, 1967a, b; 1968a, b], but this is by no means a less impor-
tant area. One possible solution for this problem, suggested by Aviatar and Wolf
[1968] is to use the idea of ‘turbulent equilibrium’ excited by a two-stream
instability. In any case, a direct application of the Kelvin-Helmholtz instability
without taking these points into account seems meaningless.
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Fig. 16. Plasma instabilities that have been predicted in various portions of the magneto-
sphere.

As far as plasma instability is concerned, several important problems remain
that should be worked out in the immediate future. They are (1) the drift-wave
instability in a high B situation, especially that of compressional mode; (2) the
clectrostatic instabilities and their consequence to particle scattering; (3) a more
careful treatment of the tearing mode instability, including the possible anomalous
resistivity produced by the neutral-sheet current; (4) modification of drift modes,
including the bounce-resonance effects of particles; (5) a realistic treatment of
magnetospheric boundaries; and (6) several hidden instabilities during magneto-
spheric substorms.

In addition to direct dynamic changes in the magnetosphere caused by
coordinate-space instabilities, wave generation by velocity-space instabilities pro-
duces various important consequences to magnetospheric particles, such as diffu-
sion [Birmingham et al., 1967; Filthammer, 1970; Lanzerotti et al., 1970; Nakada
and Mead, 1965; Newkirk and Walt, 1968], heating and acceleration [Barnes,
1967; Hasegawa, 1969b; and Laval and Pellat, 1970], and particle scattering
[Cornwall, 1964; Dungey, 1964; Roberts, 1966; Aviatar, 1967; Roberts and
Schulz, 1968].
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This paper can be concluded by saying, without exaggeration, that plasma
instabilities control the dynamics of the magnetosphere.

APPENDIX A. LIST OF NOTATIONS

n = number density.

v, = stream velocity.

v, (= w/k) = phase velocity.

vr (= (("))'* = thermal velocity.

( ) = unstable average.

Subscript ¢ = ion (proton).

Subscript e = electron.

Subscript s = stream.

Subseript 0 = unperturbed (de) quantities.

Subscript 1 = perturbed (ac) quantities.

Subscript L = perpendicular to the magnetic field.

Subscript || = parallel to the magnetic field.

E = electric field intensity.

B = magnetic flux density.

m = mass of a particle.

J = current density.

@, (= (g°no/€m)'’®) = plasma frequency.

w. (= ¢By,/m) = cyclotron frequency.

€ = vacuum dielectric constant = 8.854 X 10~** Farad/meter.

W = energy density of a wave.

equivalent plasma conductivity.

e = equivalent plasma dielectric constant.

v, (= dw/0k) = group velocity.

¢ = electrostatic potential.

Im v = imaginary part of w.

Re w = real part of w.

8 (=nkT/(B*/2u,)) = ratio of plasma pressure to the magnetic field pressure.

{ = distribution funection.

¢, (= vz, (m./m.,)""*) = ion sound speed.

v [= (@" + v,°)"*] = perpendicular velocity in cylindrical coordinate system
with z || B.

v [= v,] = parallel velocity in cylindrical coordinate with z || B.

P = principal value of integral.

¢ = speed of light in vacuum = 2.99--- X 10° m/sec.

v4(= w,.c/w,;) = Alfvén speed.

Z = plasma dispersion function, equation 3.29.

#o = vacuum permeability = 1.26 X 10~° Henry/meter.

u (= m(v,*)/2B,) = magnetic moment.

v = collision frequency.

u (= e/vm) = mobility.

D = diffusion constant.

ve (= w7’ /w,) = diamagnetic drift velocity.

g
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v, | = _%"):B“) = gradient, B-drift velocity.
0
K <= — ‘% ) = measure of density gradient.
2
Ve (= —%1; );B") = curvature drift velocity where R = radius of curvature
0
R B B
defined by = (EV) B

p (= vy /w,) = cyclotron radius.
7 = resistivity.
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